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ABSTRACT. Alumina-niobium inter-
faces were fabricated at 1400°C via solid-
state diffusion brazing of a 127-µm-thick
niobium foil between alumina blocks.
Prior to brazing, some of the alumina mat-
ing surfaces, both polished and unpol-
ished, were evaporation-coated with cop-
per films ª1.4, ª3.0, and ª5.5 µm thick to
induce liquid-film-assisted joining at the
brazing temperature. The effects of cop-
per film thickness and surface roughness
on fracture characteristics and ceramic-
metal interfacial microstructure were in-
vestigated by room-temperature four-
point bend tests, optical microscopy,
profilometry, and atomic force mi-
croscopy. The average strength of bonds
between niobium and polished alumina
substrates increased with the introduction
of copper film interlayers, and the scatter
in strength tended to decrease, with an op-
timum combination of strength and
Weibull modulus arising for a copper film
thickness of 3.0 µm. The strength charac-
teristics of niobium bonded to unpolished
alumina substrates were also improved by
liquid-film-assisted joining, but were unaf-
fected by the thickness of the copper 
interlayers.

Introduction

Bonded ceramic-metal interfaces play a
vital role in modern materials applications.
Precise control of interfacial microstruc-
ture through processing is therefore essen-
tial, and the development of processing-
microstructure-properties correlations is
of sound fundamental value. Among the
more widely studied ceramic-metal sys-
tems is alumina-niobium, which, due to
closely matched thermal expansion coeffi-
cients, results in bonded interfaces that are
virtually free of thermal stresses. Consid-
erable research has previously been con-
ducted on the mechanical properties and
interfacial characterization of this system

(Refs. 1–9). Niobium and alumina are also
chemically compatible, resulting in inter-
faces with no chemical reaction layer when
bonded in vacuum (Refs. 2, 7, 10).

In the present study, alumina was
joined using copper/niobium/copper in-
terlayers via liquid-film-assisted joining
(LFAJ). The LFAJ approach to joining ce-
ramics employs a multilayer metallic in-
terlayer composed of two thin cladding
layers of a low-melting-point metal (cop-
per) and a thick core of a high-melting-
point or refractory metal (niobium) be-
tween sections of the ceramic to be joined
(alumina). Copper was chosen as the liq-
uid former because of its low melting
point, ease of deposition, previous re-
search on the joining of copper and alu-
mina via diffusion brazing and partial
transient liquid phase (PTLP) bonding,
previous fracture studies of alumina-
copper interfaces, and the past success of
PTLP bonding with copper (see Ref. 7 and
references therein). The joining tempera-
ture is above the melting point of copper
but below that of niobium; consequently,
during the initial stages of bonding, a thin,
copper-rich liquid film develops between
the alumina and niobium, resulting in het-
erophase liquid-phase sintering. Redistri-
bution of this liquid layer fills voids at the
interface and provides a path for the rapid
diffusion of niobium, which, in turn, ac-
celerates contact formation between the
alumina and niobium. Fractography of the
interfaces indicates that the liquid copper
film results in more extensive alumina-
niobium contact compared to solid-state
diffusion brazing, and concomitantly im-
proved strength (Refs. 11, 12). The copper
film becomes discontinuous, and upon

cooling from the bonding temperature,
discrete particles of copper remain at the
interface due to the limited solubility and
slow diffusion of copper in niobium. Plas-
tic deformation of the ductile copper par-
ticles increases the toughness of the inter-
face (Ref. 13), and tearing of this ductile
metal during fracture has been observed
(Refs. 11, 12). The goal of this research
was to explore the effects of selected pro-
cessing conditions (copper film thickness,
alumina surface finish) on the interfacial
microstructure and mechanical properties
of joined assemblies.

Background

Extensive discussions of the alumina-
niobium and sapphire-niobium systems
can be found in the literature (Refs. 2, 4,
5, 8, 14–30) and prior publications (Refs.
7, 9, 11, 12). Copper-niobium is an attrac-
tive brazing system for joining alumina be-
cause there are no brittle intermediate
phases, and at temperatures above the
melting point of copper, the composition
of the equilibrium liquid contains a few
at.-% of niobium (Ref. 31), which has
been shown to enhance the wetting of cop-
per on alumina (Refs. 32–34).

Prior studies by Shalz et al. (Ref. 7) and
Marks et al. (Ref. 11) have established
that pressure and temperature can have
an important influence on joint character-
istics. At a fixed bonding temperature of
1150°C, increasing the applied load during
vacuum bonding from 2.2 to 5.1 MPa in-
creased the average strength in four-point
bend tests from 78 ± 22 to 181 ± 45 MPa.1
In both joints, failures occurred primarily
along the alumina-niobium interface. At a
fixed bonding pressure of 2.2 MPa, in-
creasing the bonding temperature from
1150° to 1400°C increased the four-point
bend strength from 78 ± 22 to 241 ± 18
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1. The average strength represents the mean of the
measured fracture strengths for a given set of join-
ing conditions, not the median strength in a
Weibull distribution. The error ranges represent
±1 standard deviation of the measured strengths
for a given set of joining conditions. These defini-
tions are used throughout the paper.
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MPa, and ª75% of the samples failed in
the ceramic. For samples processed at
1400°C, ceramic failures were also ob-
served in high-temperature fracture tests
up to 1100°C, suggesting the formation of
a strong interface with potential for use at
elevated temperature (Ref. 11).

In prior studies with copper/niobium/
copper interlayers (Ref. 11), local varia-
tions in the copper film thickness were ob-
served to affect strength characteristics. In
two samples bonded under the same con-
ditions (1150°C, 2.2 MPa), the weaker
sample had a copper thickness of 3.8 µm,
while the stronger had a copper thickness
of 3.0 µm. The (interfacial) fracture sur-
faces of the weaker samples were domi-
nated by copper, while the stronger sam-
ples displayed more alumina-niobium
contact. Local variations in copper thick-
ness can cause spatial variations in the
time required to initiate widespread alu-
mina-niobium contact and the extent of
ensuing alumina-niobium contact growth
(Ref. 11). The kinetics of copper film
breakup depends on the film thickness,
and excessively thick films are expected to
degrade joint properties.

Liu et al. (Ref. 35) examined the effects
of a thin-film niobium interlayer on the
fracture strength of sapphire-copper dif-
fusion brazes. Niobium interlayers were
deposited by e-beam evaporation onto the
joining surfaces of the sapphire prior to
diffusion brazing. The introduction of thin
niobium films greatly improved the sap-

phire-copper bond strength. The fracture
energies of sapphire-niobium-copper
joints were significantly higher than sap-
phire-copper joints processed without a
niobium interlayer. This was attributed to
strong adhesion of niobium to alumina
relative to that of copper to alumina com-
bined with plastic deformation in the cop-
per during fracture. A theoretical value
for the work of adhesion of a pure sap-
phire-niobium interface is 0.8 J/m2 (Ref.
36), while an experimental value of 1.63
J/m2 was reported by Jilavi (Ref. 37) (as
cited in Ref. 35). Experimental values for
the work of adhesion for a sapphire-
copper interface range from 0.49 to 0.54
J/m2 (Refs. 38, 39). The fracture energy is
related to the work of adhesion by a power
law (Ref. 27). Plastic deformation in sap-
phire-copper interfaces without a niobium
interlayer is still possible, but the weaker
bonding of copper to sapphire leads to
brittle debonding along the interface and
limited plastic deformation (Ref. 35).

Sugar et al. (Ref. 12) have also re-
ported strength degradation in assemblies
in which the copper film thickness was de-
creased sufficiently. This is attributed to
an increase in the density of interfacial
flaws when an inadequate amount of cop-
per is available to fill irregularities and
gaps between the two mating surfaces.
Careful polishing and surface preparation
should in principle reduce the severity of
surface irregularities and thus reduce the
amount of copper required to fill interfa-

cial gaps. An interplay between film thick-
ness and surface preparation can be ex-
pected, with the potential emergence of an
optimum film thickness and surface
preparation combination.

Surface roughness will not only influ-
ence the size and spatial distribution of the
gaps between mating surfaces, but can
also have multiple additional and oppos-
ing effects on the strength of a ceramic-
metal interface. A roughened surface can
prevent ceramic-metal contact at the in-
terface with large deviations from pla-
narity leading to sharp, crack-like interfa-
cial flaws. Deep scratches on a ceramic
surface will not be completely filled by a
nonwetting liquid metal, introducing
near-interfacial flaws. Surface roughness
will have an effect on the wettability of a
liquid metal on a ceramic substrate. In-
creased roughness may also introduce
near-surface damage and flaws, particu-
larly in brittle materials. However, a rough
interface can lead to an anchoring effect
that promotes joining by mechanical in-
terlocking at the interface (Refs. 40, 41).
Together, these effects influence the me-
chanical properties of a joint. Relatively
few studies have explored and quantified
the effects of surface roughness on ulti-
mate ceramic-metal joint properties.

Suganuma et al. (Ref. 40) investigated
the effects of surface damage introduced
by grinding on the properties of silicon ni-
tride joints prepared with a pure alu-
minum braze. Brazing involved a 10 min

A

B

Fig. 1 — Failure probability vs. fracture strength for joints processed with
polished Al2O3 substrates. Filled symbols indicate failure along the Al2O3-
Nb interface; open symbols indicate failure in the ceramic.

Fig. 2 — AFM images showing regions on the surfaces of (A) as-received
Nb and (B) flattened Nb. Note the depression on the surface of the flattened
Nb. The average roughness of the as-received and flattened Nb is, respec-
tively, 107 and 97 nm.
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hold at 800°C under an applied load of
0.05 MPa for three grades of roughness.
The average roughness, Ra, was calculated
as

where L is the length of the measured dis-
tance and f(x) is the distance to the surface
measured from the centerline. Smoother
joining surfaces were found to yield
stronger joints in three-point bending with
less scatter in the data. The average
strength and the Weibull modulus de-
creased with increasing roughness, while
the scatter in the data, as characterized by
the standard deviation, increased with in-
creasing roughness.

Suganuma and coworkers (Ref. 42)
also explored the effects of surface rough-
ness on the properties of alumina-niobium
joints prepared by diffusion brazing. Poly-
crystalline alumina blocks were bonded to
an intervening 1-mm-thick niobium disk
using a pressure of 20 MPa for 1 h at
1500°C. The roughness of the polycrys-
talline alumina and niobium surfaces were
varied, with Ra values of 0.97, 1.62, and 3.1
µm, and 0.41, 2.22, and 3.49 µm, charac-
terizing the alumina and niobium sur-
faces, respectively. The results of room-
temperature four-point bend tests and
fractographic analyses were correlated
with changes in surface roughness. In-
creasing alumina roughness resulted in a
modest (£10%) decrease in average
strength, increased scatter in strength, and
a decrease in the area fraction of alumina-
niobium contact (98% Æ ª80%). In con-
trast, increasing niobium roughness re-
sulted in a modest (£10%) increase in
average strength, and an increase in the
area fraction of alumina-niobium contact
(ª80% Æ ≥ 99%).

Experimental Procedures

Joint Processing and Mechanical Testing

The materials and the majority of the
experimental procedures used in this work
are identical to those of prior studies
(Refs. 7, 9, 11, 12). Joints were fabricated
using a 99.5% pure, ≥ 98% dense alumina
(AD995, Coors Technical Ceramic Co.,
Oak Ridge, Tenn.) in the form of 19.5 ¥
19.5 ¥ 22.5 mm blocks. The joining sur-
faces of the alumina blocks were ground
flat using a diamond wheel (400 grit) on a
surface grinder (K. O. Lee Co., Aberdeen,
S.Dak.). Joints processed with unpolished
alumina substrates were then cleaned
while those processed with polished alu-
mina substrates were polished with pro-
gressively finer diamond suspensions
(South Bay Technologies, San Clemente,
Calif.) before cleaning. After polishing
with a 1-µm diamond suspension, a final
chemical-mechanical polish was per-
formed using colloidal silica (Struers,
Westlake, Ohio).

A flattened and cleaned, 99.99% pure,
127-µm-thick niobium foil (Goodfellow
Corp., Malvern, Pa.) and a commercial-
grade copper (Consolidated Companies
Wire and Associated, Chicago, Ill.) served
as the interlayer materials. For joints pro-
duced via liquid-film-assisted joining, cop-
per films 1.4, 3.0, or 5.5 µm thick were de-
posited directly onto the polished or
unpolished alumina joining surfaces by
evaporation of the copper wire source in a
high-vacuum chamber. Film thickness was
determined using profilometry (Tencor
Instruments, Inc., San Jose, Calif.) and
weight-gain measurements (Ref. 7).

Joints were processed under high vac-
uum (pressure maintained below 7.6 ¥
10–5 torr, equivalent to 10–7 atm) in a
graphite element vacuum hot press. The
brazing process coupled a constant ap-
plied load of ª2.2 MPa with heating at
4°C/min, soaking at the brazing tempera-
ture of 1400°C for 6 h, and cooling at
2°C/min. After brazing, the assemblies
were machined into beams ª3 mm ¥ ª3
mm in cross section and ª4 cm in length,

R L f x dxa

L

= ( ) ( )Ú1 (7)
0

/

Table 1 — Surface Roughness*

Material Ra (µm) la (µm) r aa (deg)

Unpolished alumina 0.154 (AFM) 8.9 (AFM) 1.014 (AFM) 8.7 (AFM)
0.299, 2.72 (Prof.) 30 (Prof.) 1.005, 1.411 (Prof.) 4.9, 45.3 (Prof.)

Polished alumina 0.027 (AFM) 32.5 (AFM) 1.00003 (AFM) 0.42 (AFM)
0.051, 0.057 (Prof.) 30 (Prof.) 1.00014, 1.00018 0.85, 0.95 (Prof.)

(Prof.)
As-received niobium 0.107 11.3 1.0045 4.9
Flattened niobium 0.097 (AFM) 6.8 (AFM) 1.01 (AFM) 7.3 (AFM)

0.213 (Prof.) 20 (Prof.) 1.006 (Prof.) 5.3 (Prof.)

* Ra is the average deviation in surface height, la is the average distance between peaks of surface features, r is
the roughness parameter, and aa is the average slope of surface features. Calculations of r and aa use the meth-
ods described by Hitchcock et al. (Ref. 43). All values of r and aa were calculated using average values of 50 and
9, respectively, for the arithmetic factors K1 and K2. Where two values are provided, the first is parallel to the scan
direction, and the second is perpendicular to the scan direction.

Fig. 3 — AFM images showing regions on the surfaces of (A) polished Al2O3 and (B) unpolished Al2O3. The average roughnesses of the polished and unpol-
ished surfaces are, respectively, 28 and 154 nm.

A B
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with the metal interlayer at the center of
the beam. The tensile surfaces of the
beams were polished to a 1-µm finish and
the edges of the beams were beveled to re-
move machining flaws that could initiate
failure. This allowed for a more meaning-
ful measurement of the fracture strength
of the joined assembly, and the observed
fracture path provided insight on the rela-
tive strengths of the ceramic-metal inter-
face and the bulk ceramic.

Beams were tested at room tempera-
ture using four-point bending. The inner
span of the test jig was 9 mm; the outer
span was 25 mm. Testing was performed
with a displacement rate of 0.05 mm/min.
Strengths were calculated from the load at
failure using standard relationships de-
rived for monolithic elastic materials.

Surface and Interface Characterization

The surface roughness of the as-
ground and polished alumina blocks, as
well as the roughness of the niobium foil
before and after flattening, were deter-

mined by atomic force microscopy (AFM)
to allow comparison between the surface
roughness of the substrates and interlayer
and the copper film thickness. The AFM
scans typically covered a 50 ¥ 50 µm area,
and provided accurate measurements of
the local fine-scale roughness. To assess
longer wavelength (and larger amplitude)
variations in the surface topography, pro-
filometer scans spanning a length of ª1 cm
were also conducted on polished and as-
ground alumina and flattened niobium
foils. For the ground alumina, scans were
conducted both parallel and perpendicu-
lar to the grinding direction. The results
are summarized in Table 1. The roughness
definitions of Hitchcock et al. (Ref. 43)
(see Appendix) were used as the basis for
the calculations of the cited roughness 
values.

For selected samples in which fracture
occurred at or near the alumina-interlayer
interface, fracture surfaces near the ten-
sile edge were examined using optical mi-
croscopy. Fracture surfaces were mounted
adjacent to one another so that equivalent

fractographic locations of the metal and
ceramic were in mirror symmetry posi-
tions. The microstructure at matching lo-
cations, the pore structure, and the frac-
ture path could thus be identified.

During bonding, in regions where the
ceramic and metal make contact, the ce-
ramic and metal grain boundaries are
etched, and the surfaces mutually con-
form. Thus, when failure occurs along the
ceramic-metal interface, an imprint of the
ceramic microstructure appears on the
metal surface in regions where contact was
achieved. The area fractions of contact
and interfacial failure (for fracture path
statistics) were determined by a point-
counting method employing a reference
grid superimposed onto a micrograph of
the metal fracture surface. The grid was
rotated with respect to each micrograph,
to yield several distinct grid orientations.
Approximately 800 intersection points
were evaluated per micrograph. Area
fractions were calculated by averaging re-
sults for each micrograph, and are re-
ported in Tables 3 and 4.

Fig. 5 — Optical micrographs of a polished sample joined with a 5.5-µm
Cu film, showing matching regions of (A) metal and (B) ceramic sides of
the fracture surface. The regions marked “a” indicate unbonded area. The
sample failed at 278 MPa.

Fig. 4 — Failure probability vs. fracture strength for joints processed with
unpolished Al2O3 substrates. Filled symbols indicate failure along the
Al2O3-Nb interface; open symbols indicate failure in the ceramic.
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Results and Discussion

Effects of Copper Thickness and
Substrate Roughness on Room-
Temperature Mechanical Properties

Polished Alumina Substrates

Figure 1 is a plot of failure probability vs.
beam fracture strength for bonded assem-
blies processed with varying copper thick-
nesses. The alumina “reference” was un-
bonded and unannealed before testing, and
Fig. 1 clearly shows the beneficial effects of
thin liquid copper films on the strength
characteristics of joined assemblies.

As indicated in Table 1, the three film
thicknesses exceed Ra and are also com-
parable to or greater than the maximum
asperity height (0.32 µm) and maximum
cavity depth (1.38 µm) in profilometry
scans of polished alumina. While “flatten-
ing” of the niobium foil appears to have
little effect on the average roughness, the
surface of the flattened niobium contains
large divots and depressions. Flattening
also increased the roughness parameter, r,
and the average slope of surface features,
aa, on the niobium foil (see Appendix and
Table 1). Figure 2 shows regions on the as-
received and flattened niobium foil. Dur-
ing LFAJ, some niobium dissolution oc-
curs. As a result, although large divots and
depressions are likely to persist at the
bonding temperature, the finer details of
the surface topography change. Whether
these changes are beneficial or detrimen-
tal is unknown. Smoothing and surface
faceting are possible depending upon the
surface orientation and stability. It is rea-
sonable to expect that in samples prepared
using polished alumina and copper films,
sufficient liquid should be available to fill
most interfacial gaps at the bonding 
temperature.

Solid-state diffusion brazing at 1400°C
and a pressure of 2.2 MPa led to low aver-
age strength, which, in the combined data
set taken from two bonded assemblies,
was 130 ± 20 MPa; the Weibull modulus
was 5.7. The data do show a kink (dashed
lines in Fig. 1) indicating that two failure
modes might be operative; however, frac-
tographic analysis showed that all samples
failed along the alumina-niobium inter-
face, with considerable tearing of the nio-
bium. Thus, there is no mechanistic basis
for such treatment of the data. Interfacial
failures at low applied stress were due to
large unbonded regions and a high area
fraction of interfacial porosity, a conse-
quence of the low applied load and the low
rate of solid-state diffusion.

The application of a 1.4-µm copper film
to the bonding surfaces of the alumina sub-
strates increased the average fracture
strength to 197 ± 37 MPa. The weakest
beam failed at 136 MPa, comparable to the
strength of the strongest diffusion-brazed
sample (155 MPa). The Weibull modulus
was 5.6, essentially the same as that for dif-
fusion brazing. All samples continued to fail
along the alumina-niobium interface, but
with more limited tearing of the niobium.
Here, LFAJ allowed for the filling of inter-
facial voids by liquid copper and provided a
high-diffusivity path for the transport of
niobium. Copper dissolves ª3 at.-% nio-
bium at 1400°C (Ref. 31), and the diffusion
coefficient for niobium in liquid copper is
orders of magnitude higher than the self-
diffusion coefficient for niobium. Conse-
quently, the rate of niobium redistribution
at the interface during LFAJ can be ex-
pected to be much greater than that in con-
ventional solid-state diffusion brazing.

Increasing the copper film thickness to
3 µm yielded a further improvement in the
strength to 241 ± 18 MPa, a decrease in
standard deviation by slightly more than a

factor of two (from 37 to 18 MPa), and in
71% of samples tested, there is evidence
of crack initiation and propagation com-
pletely within the ceramic. As Fig. 1 shows,
interfacial failures do not necessarily
occur at lower stresses. The Weibull mod-
ulus increased to 14.9. This is comparable
to that of the unbonded reference alumina
(13.8).

Prior work had suggested that a further
increase in the copper film thickness
would degrade the strength characteristics
(Ref. 11) due to a larger area fraction of
copper at the interface, though no studies
had previously been pursued. When the
copper film thickness was increased to
ª5.5 µm, the average strength increased
slightly, from 241 to 246 MPa. However,
the standard deviation increased by
roughly a factor of two, from 18 to 37 MPa.
Only about 57% of the samples failed in
the ceramic, but the majority of interfacial
failures occurred at lower applied stresses.
Samples with the highest ceramic and in-
terfacial fracture strengths failed at
stresses of, respectively, 289 and 278 MPa;
the lowest ceramic and interfacial failures
occurred at stresses of, respectively, 206
and 136 MPa. This spread in the data is far
greater than that of samples processed
with 3.0-µm films, as evidenced by the
Weibull parameter of 6.0, approximately
the value of diffusion-brazed and 1.4-µm-
film assemblies. There is also a large dis-
crepancy between the average fracture
strengths and standard deviations for ce-
ramic (265 ± 20 MPa) and interfacial (223
± 41 MPa) failures. This degradation in
strength is attributed to large regions of
copper at the interface. The work of ad-
hesion of an alumina-copper interface is
less than that of an alumina-niobium in-
terface (Refs. 35–39). Thicker films are
more difficult to break up, and large plate-
like copper regions persist at the interface

Fig. 6 — Optical micrographs of the fracture surface from an unpolished diffusion bond that failed at 48 MPa, showing matching regions of (A) metal and (B)
ceramic sides. The region labeled 1 is deformed metal. The regions marked “b” indicate bonded regions; regions marked “c” indicate the presence of silicides.
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after bonding, yielding higher area frac-
tions of alumina-copper interface.

Unpolished Alumina Substrates

Atomic force microscopy (AFM)
(Table 1) suggests that it might not be nec-
essary to polish the alumina, since the av-
erage roughness of unpolished as-ground
surfaces over 50 ¥ 50 µm areas (0.154 µm)
remains much less than the minimum liq-
uid film thickness. Similar conclusions are
supported by profilometry data over 50-
µm length scales. However, comparisons
of profilometry scans over larger dis-
tances, up to 1 cm, show significant differ-
ences between the polished and as-ground
alumina. The Ra value increased from
ª0.050–0.060 µm for polished alumina to
0.299–2.72 µm in the as-ground alumina,
depending upon the scan direction. Maxi-
mum asperity heights increased from
ª0.18–0.32 µm in polished alumina to
1.7–14.1 µm in as-ground alumina de-
pending upon the scan direction. Maxi-
mum surface cavity depths increased from
1.38 µm in polished substrates to ª11 µm
in unpolished substrates. In contrast to

polished alumina, the maximum asperity
height and cavity depth far exceed even
the maximum film thickness. Conse-
quently, unpolished alumina substrates
would be more likely to have more severe
flaws and larger unbonded regions at the
alumina-interlayer interface, and the
characteristics of the most severe defects
would be relatively insensitive to the film
thickness.

Figure 3 provides a comparison of
AFM images, and differences are appar-
ent even over limited spatial scales. The
flaws on polished alumina surfaces are
residual scratches and gouges from grind-
ing, while the flaws on unpolished alumina
are more severe. Although the deposited
copper film is generally thick enough to fill
and cover scratches of this severity at a
local scale, point-by-point assessment of
50,000-point profilometry scans of 1 cm
total length indicate that >3% of the
scanned length on the as-ground surface
has multiple independent asperities >10
µm in height. When the ceramic-metal
contact initiates at such extreme asperi-
ties, large and relatively wide interfacial
gaps are anticipated.

Solid-state diffusion brazing was at-
tempted with unpolished alumina sub-
strates, but only 4 of 25 beams survived
machining into test samples, and all 4 of
these surviving beams failed interfacially
at low stresses (48–57 MPa). Large un-
bonded areas, high porosity, and devia-
tions from planarity that introduce local
stress concentrations at the interface, all
contribute to crack initiation and failure.

Figure 4 is a plot of failure probability
vs. beam fracture strength for bonded as-
semblies processed with varying copper
thicknesses. The average strength of joints
processed with copper films of 1.4, 3, and
5.5 µm are, respectively, 224 ± 27 MPa,
218 ± 23 MPa, and 230 ± 24 MPa, demon-
strating that the thickness of the copper
film has little effect on the strength char-
acteristics of assemblies processed with
unpolished alumina substrates. The aver-
age roughness of unpolished alumina sub-
strates is 0.299 and 2.7 µm in orthogonal
directions. Filling a sawtooth surface pro-
file with average surface asperity height of
2.7 µm and average surface cavity depth of
2.7 µm would require at least 2.7 µm of
copper. However, if during bonding the
peaks on the alumina surface became em-
bedded in the niobium and liquid copper
were displaced to adjoining regions, thin-
ner films could be sufficient to fill interfa-
cial gaps. Unfortunately, the most severe
height deviations in the as-ground alu-
mina surface create significantly larger in-
terfacial gaps. Displacement of liquid cop-
per into these most severe interfacial gaps
would reduce their size, but could not fill
them completely. Consequently, the sta-
tistical distribution of such flaws at the in-
terface may explain the observed strength
characteristics.

Fracture characteristics appear to im-
prove slightly with increasing film thick-
ness (Table 2). The Weibull modulus in-

Table 2 — Strength Characteristics

Substrate Finish Film Thickness Average Strength Weibull Ceramic
(µm) (MPa) Modulus Failures

(%)

Polished 0 103 (± 20) 5.7 0
Unpolished(a) 0 52 (± 4) — 0
Polished 1.4 197 (± 37) 5.6 0
Unpolished 1.4 224 (± 27) 8.0 40
Polished 3.0 241 (± 18) 14.9 71
Unpolished 3.0 218 (± 23) 10.0 29
Polished 5.5 246 (± 37) 6.0 57
Unpolished 5.5 230 (± 24) 10.2 46

(a) Only four out of a possible 25 beams survived the machining process.

Fig. 7 — Optical micrographs from an unpolished sample joined with a 5.5-µm Cu film, showing matching regions of (A) metal and (B) ceramic sides. The re-
gion labeled 2  is a ceramic grain that has pulled out and adhered to the metal surface. The sample failed at 246 MPa.

A B
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creases from 8.0 for the 1.4-µm film to 10.0
for the 3.0-µm film to 10.2 for the 5.5-µm
film. In bonds prepared with polished sub-
strates, the maximum Weibull modulus
(14.9) coincided with the highest percent-
age of ceramic failures (71% for 3.0-µm
films). In the present case, the percent-
ages of failures that occur in the ceramic
for 1.4-, 3.0-, and 5.5-µm films are, re-
spectively, 40%, 29%, and 46%. Thus, the
Weibull modulus does not parallel the
percentage of ceramic failures, but seems
to increase with film thickness.

Under optimum conditions, joints
processed with polished substrates exhibit
slightly better strength characteristics than
those processed with unpolished sub-
strates, and have higher values of the
Weibull modulus. However, for many ap-
plications unpolished substrates may be ad-
equate and even desirable, especially since
elimination of the polishing process would
save considerable time and reduce cost.
Further research and more data would be
helpful to augment the statistics presented
here in support of such decisions.

Fractography

Fractography was performed on diffu-
sion-brazed and LFAJ samples in both
polished and unpolished conditions. For
all images, the tensile surface lies near the
adjacent edges of the micrographs show-
ing the metal (A) and ceramic (B) sides of
the fracture surface.

By comparing the extent to which the
ceramic microstructure was imprinted on
the metal surface (Refs. 7, 9, 11, 12, 14, 44,
and 45), regions in which contact was not
achieved during bonding were identified.
In diffusion-brazed samples, approxi-
mately one-half of the interface was ob-
scured. The ceramic side of the interface
was obscured by adherent islands of metal
or silicide (Refs. 13, 46, 47); the metal side
of the interface was obscured by deformed
metal (labeled ① in Fig. 6A) or adherent
alumina grains (labeled ② in Fig. 7). The
observable regions of contact are there-
fore only within the fraction of the total
fracture surface associated with interfacial
failure. An upper limit on the area fraction
of contact is obtained by assuming that re-
gions in which the crack deviates from the
interface are associated with complete
alumina-niobium contact. However, if the
interfacial porosity is uniformly distrib-
uted, the average area fraction of contact
is given by the area fraction of contact
within regions of interfacial failure. This
latter interpretation seems to better ratio-
nalize the significant strength differences
between diffusion-brazed and LFAJ sam-
ples (Ref. 12). Both values are provided in
Tables 3 and 4 for polished and unpolished
samples, respectively. For unpolished

samples processed with copper films,
there does not appear to be any tearing of
the niobium foil, and hence there is no ob-
scured interface. Although more ceramic
pullout occurs than in polished samples,
the failure is predominantly interfacial,
and thus, only a single value is reported.

Polished Alumina Substrates

Increasing the copper thickness af-
fected both the strength and the fracture
path. Comparing the fracture surfaces of
samples processed with 0-, 1.4-, 3.0-, and
5.5-µm copper films, the average area
fraction of interfacial failure was
ª48(±5)%, ª67(±6)% (Ref. 12),
ª94(±5)%, and ª71(±10)%, respectively.
However, it should be noted that the per-

centage of samples that fail along the in-
terface varies with copper film thickness
(Table 2). In samples with no copper and
1.4-µm films, significant tearing of the nio-
bium interlayer occurred, along with re-
gions where there was no contact between
the alumina and niobium interlayer. Nio-
bium tearing and unbonded regions are
much more limited in samples processed
with 3.0- and 5.5-µm films. In these sam-
ples, better contact was achieved, and ce-
ramic grains pull out and adhere to the
niobium fracture surface. However, the
5.5-µm copper films resulted in an in-
crease in the number of interfacial failures
and unbonded regions as compared to 3.0-
µm samples. Figure 5 shows the metal and
ceramic fracture surfaces of a sample that
failed at 278 MPa. The copper particles at

Table 3 — Fracture Path and Contact Area Statistics for Polished Assemblies

Fracture Path Statistics Area Fraction Bonded

Area Area Fraction
Fraction Interlayer or

Interfacial Ceramic
Failure Failure

Diffusion bond
79 MPa 0.495 0.505 0.812 0.621
102 MPa 0.473 0.527 0.809 0.572
119 MPa 0.54 0.46 0.813 0.595

1.4 µm Cu
136 MPa 0.695 0.305 0.84 0.77
197 MPa 0.665 0.335 0.877 0.808
260 MPa 0.68 0.32 0.938 0.908

3.0 µm Cu
206 MPa 0.965 0.035 0.843 0.837
243 MPa 0.897 0.103 0.788 0.764
263 MPa 0.95 0.05 0.97 0.968

5.5 µm Cu
192 MPa 0.721 0.279 0.765 0.674
213 MPa 0.744 0.256 0.903 0.87
261 MPa 0.686 0.314 0.929 0.897

1
Area

Area
1

Area

Area   

unbonded

fracture surface

unbonded

interfacial failure

- -

Table 4 — Fracture Path and Contact Area Statistics for Unpolished Assemblies

Fracture Path Statistics Area Fraction Bonded

Area Area Fraction
Fraction Interlayer or

Interfacial Ceramic
Failure Failure

Diffusion bond
48 MPa 0.451 0.549 0.679 0.288
57 MPa 0.489 0.511 0.679 0.344

1.4 µm Cu
213 MPa — — 0.687 —
246 MPa — — 0.686 —

3.0 µm Cu
216 MPa — — 0.647 —
242 MPa — — 0.729 —

5.5 µm Cu
218 MPa — — 0.699 —
246 MPa — — 0.809 —

1
Area

Area
1

Area

Area   

unbonded

fracture surface

unbonded

interfacial failure

- -
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the interface tear during fracture, and
there is a slight increase in niobium tear-
ing relative to samples processed with a
3.0-µm film (see Table 3, Area Fraction In-
terlayer or Ceramic Failure). There are
still large unbonded regions between the
alumina and niobium (indicated as “a” in
Fig. 5A), and the area fraction of these re-
gions decreased as the fracture strength
increased. The increase in interfacial fail-
ures correlates with a slight increase in the
amount of copper in the braze, increasing
the area fraction of alumina-copper inter-
face.

Unpolished Alumina Substrates 

Fractography of a diffusion-brazed sam-
ple that failed at 48 MPa is shown in Fig. 6.
From inspection of the metal side (Fig.
6A), it is evident that the majority of the in-
terface remained unbonded. Small regions
of bonding between the alumina and nio-
bium are marked “b” in Fig. 6A. Niobium
grain boundaries are seen in the large un-
bonded regions. Energy-dispersive spec-
troscopy in both SEM (Ref. 13) and TEM
(Refs. 46, 47), and electron diffraction
analysis (Refs. 46, 47) indicate that silicides
form in regions of alumina with small
grains. These silicide particles appear as
bright regions on the ceramic side of the in-
terface, and are labeled “c” in Fig. 6B. The
low strength of these samples is a result of
poor contact between the alumina and nio-
bium due to the roughness of the alumina
substrates.

Figure 7 shows metal and ceramic sides
of a sample processed with a 5.5-µm cop-
per film that failed at 246 MPa. The frac-
ture surfaces for the three film thicknesses
do not appear to show any major differ-
ences, which is to be expected based on the
similar strength characteristics. The
bonded area fraction is approximately the
same for all samples (Table 4). Comparing
mating fracture surfaces, the unbonded
regions on the metal side correspond with
regions on the alumina side that are
darker in contrast. Such unbonded regions
are attributed to large localized depres-
sions on the alumina surface, as shown in 
Fig. 7. The amount of copper on the frac-
ture surfaces appears to increase slightly
with increasing film thickness, but does
not appear to have had any significant ef-
fect on the strength characteristics. There
is also more ceramic pullout in these sam-
ples relative to polished samples, possibly
indicative of grinding-induced near-
surface damage. These regions that pulled
out and adhered to the metal surfaces are
elevated regions on the alumina joining
surfaces. Better contact relative to surface
depressions can be made with the niobium
during the bonding cycle, since these ele-
vated regions will penetrate and deform

the metal layer due to the applied pressure
and temperature. The majority of samples
that failed interfacially also exhibited
small regions of ceramic along the tensile
edge that adhered to the niobium foil, in-
dicating a more tortuous crack path.

Polished vs. Unpolished Substrates 

For samples that fail primarily along
the alumina-interlayer interface, the dif-
ferences between the fracture surfaces of
polished and unpolished substrates are ev-
ident upon inspection. The individual un-
bonded regions are significantly larger in
the unpolished samples than in the pol-
ished samples (see Figs. 5 and 7, both
processed with 5.5-µm copper films), and
the bonded area fraction is lower in un-
polished samples. The copper distribution
is also different. Again comparing samples
with 5.5-µm copper films, the average area
fraction of copper coverage in unpolished
samples (ª13%) is roughly twice that in
polished samples (ª7%), and the average
projected area of residual copper patches
is three to four times larger in unpolished
samples, ª11–17 µm2 vs. ª4 µm2. As a re-
sult, copper is more uniformly dispersed
and isolated patches are smaller in the pol-
ished specimens.

These general microstructural differ-
ences exist regardless of the copper film
thickness. At constant copper film thick-
ness, the only variable is the alumina sur-
face roughness. Therefore, it is useful to
assess and rationalize how a change in
roughness could cause or contribute to the
observed microstructural trends.

Models of solid-state metal-metal dif-
fusion brazing (Refs. 48, 49) depict the
earliest stages of bonding as asperity con-
tact, and for small contact area, the ap-
plied stress is large. In the present ce-
ramic-metal case, asperities on the
alumina surface will likely be pushed into
the softer niobium, increasing the contact
area until the stresses decrease to the nio-
bium yield stress. Increasing the applied
load promotes more extensive contact for-
mation during this initial stage, and re-
duces the size of interfacial defects. Inter-
facial gaps flank large asperities and deep
depressions in the alumina. Copper, once
molten, can withdraw from or redistribute
within these cavities leaving voids at the
alumina-niobium interface, which, if they
persist, provide potential sites for
crack/failure initiation. As the contact
area increases, regions of the interface be-
come isolated by continuous perimeters of
ceramic-metal contact. Pockets com-
pletely filled with liquid increase the ef-
fective area supporting the applied load.
Since access to additional copper by liquid
flow is precluded, if these isolated regions
are not completely filled with copper at

the bonding temperature, void closure
and the development of full contact will
require either additional deformation/
creep of the foil or longer-range diffusion.
In view of the significant differences in as-
perity heights, significant differences be-
tween interfacial microstructures and
fracture characteristics in polished and
unpolished samples can be expected. Even
when the cavities are filled at the bonding
temperature, voids within the copper are
expected at room temperature. The dif-
ferential thermal expansion of copper rel-
ative to niobium and alumina, and the vol-
ume change due to copper solidification,
are expected to generate ª12 vol-% poros-
ity within the copper-rich phase.

Bonding experiments using highly pol-
ished (transparent) single-crystal sapphire
substrates have allowed nondestructive
studies of the morphological evolution of
the copper film and the growth of sap-
phire-niobium contact during postbond-
ing annealing (Ref. 50). The results con-
firm that sapphire-niobium contact
initiates at asperities on the adjoining sur-
faces. Some of these asperities are initially
present on the bonding surfaces, while
others form and grow during bonding and
subsequent annealing, such as those due
to liquid copper etching niobium grain
boundaries and forming grain boundary
grooves. Pairs of protruding ridges that
flank each grain boundary groove develop
on the niobium surface and grow to locally
bridge the liquid copper film. Subsequent
capillary instabilities at the edges of cop-
per patches lead to film breakup and the
isolation of small copper particles along
the sapphire-niobium interface.

In the present work, the initial points of
contact and the progressive growth of alu-
mina-niobium contact are highly influ-
enced by the alumina surface roughness.
Since the roughness of the polished sam-
ples approaches that of the sapphire sub-
strates, it is reasonable to assume that the
early stages of contact formation will again
be ridges due to preexistent asperities and
grain boundary grooves, and the spacing
and location of these points of contact will
be a function of the surface topography
and the niobium grain size. Grooving of
the alumina grain boundaries and faceting
of alumina grains may also contribute to
the breakup and evolution of the copper
film. Recent work by Saiz et al. (Ref. 51)
has demonstrated enhanced rates of alu-
mina grain boundary grooving at liquid-
metal–alumina interfaces.

Prior work by Suganuma et al. (Ref. 42)
and findings in the present study (see Ta-
bles 3 and 4) provide evidence of a de-
crease in the area fraction of contact
achieved during solid-state bonding as the
roughness of the alumina increases. A
substantially larger height difference be-
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tween initial points of contact and valleys
in the alumina surface make it more diffi-
cult to achieve complete ceramic-metal
contact in both diffusion brazing and
LFAJ of unpolished samples. Larger in-
terfacial gaps relative to polished samples
may also reduce the impact of grain
boundary groove ridging on film breakup.

Optical microscopy of cross sections
normal to the alumina-niobium interface
prepared from bend beams that failed in
the ceramic reveals that the niobium con-
forms to the alumina topography. Nio-
bium is pushed into depressions (e.g.,
pores) in the alumina surface and deforms
to accommodate elevations on the alu-
mina surface. In unpolished samples, local
elevations in the alumina surface of up to
several microns are evident along the in-
terfaces. These may define the initial
points and areas of alumina-niobium con-
tact and define gaps between the alumina
and niobium surfaces during the initial
stages of bonding that are larger than
would be inferred from either the AFM or
averaged profilometry data.

In unpolished samples that fail along
the interface, fracture surfaces suggest the
gaps are too large for complete removal.
Isolated, rough mottled regions on the
metal side of the fracture surface are be-
lieved to reflect the imprint of rough ele-
vated regions on the alumina surface as
they are forced into the niobium. The flow
and removal of copper liquid from these
regions of contact and the low joining tem-
perature inhibit decay of the resulting in-
terfacial roughness. The resulting rough-
ness at the interface will provide a more
tortuous interfacial crack path relative to
that of the polished samples.

The difference in the roughness of the
alumina can also affect the redistribution
of copper along the interface during pro-
cessing and its ultimate morphology. An
important issue is whether gaps larger
than the local thickness of the copper film
can be filled by liquid flow. If the contact
angles of liquid copper on niobium and
alumina are denoted q1 and q2, respec-
tively, and the niobium and alumina sur-
faces are parallel, then liquid copper flows
into voids along the interface provided
that q1+q2 < 180 deg. If instead, local de-
pressions on the opposing niobium and
alumina surfaces cause angular deviations
of a1 and a2, respectively, from this paral-
lel surface geometry, then flow of liquid
into voids will only occur if a more strin-
gent condition, (q1+a1)+(q2+a2)<180
deg, is met. Since q1 and q2 can vary as the
surface orientations and surface energies
of the niobium and alumina grains vary,
and a1 and a2 will vary with location along
the interface, the potential exists for some
regions of the interface to have unfavor-
able wetting conditions. A rougher surface

with locally larger values of a1 and a2
would be more likely to contain voids that
persist or develop during liquid flow (see
Table 1).

For polished surfaces, long-wavelength
variation in the alumina-niobium separa-
tion distance will cause longer-range liq-
uid redistribution, with liquid drawn into
thinner gaps. For rough surfaces, the cop-
per is more likely to be confined by alu-
mina-asperity–niobium contact, preclud-
ing longer-range flow of the liquid and
resulting in larger residual voids at the in-
terface. In isolated interfacial cavities par-
tially filled with liquid copper, copper
coating the depressions in the alumina will
tend to flow out of these “deep” regions to
the perimeter where it will contact the
niobium. These copper pools are seen
along the perimeters of valleys on the alu-
mina surface.

The presence of interfacial copper par-
ticles can have a beneficial effect on the
fracture toughness of bonded assemblies.
Kruzic et al. (Ref. 13) have estimated a
toughening contribution of 22 J/m2 or
ª60% of the room-temperature fracture
energy (39 J/m2) in polished samples
processed with a 3.0-µm copper film. The
analysis of Kruzic et al. (Ref. 13) further-
more predicts a linear relation between
particle size and the increment of interfa-
cial toughness, and thus, provided the
shapes of the particles are the same, a
higher degree of toughening is expected
when more and larger copper particles are
present. Due to the interplay between sur-
face roughness and liquid redistribution
during LFAJ, for a fixed copper layer
thickness, the individual copper islands
are larger and most likely thicker in un-
polished samples. However, the geometry
of the metal phase is also important. Ex-
perimental observations have shown that
increasing the area fraction of the alu-
mina-copper interface has a detrimental
effect when the copper is in the form of a
continuous thin film. Fracture studies of
tantalum nitride–copper interfaces by
Dauskardt et al. (Ref. 52) show a change
from a ductile mode to a brittle mode
when the copper thickness falls below ≈1
µm. Consequently, the detailed morphol-
ogy of the metal phase, and specifically the
extent to which the film has evolved into
discrete and more equiaxed particles, may
play an important role in defining the
magnitude of any toughening resulting
from metal plasticity and particle tearing.

In the present study, a single variation
in the surface finish was explored and pro-
cessing times were held fixed as the cop-
per film thickness and surface finish were
varied. Ideally, adjustments in the surface
finish can be used to alter the initial cop-
per particle morphology and distribution,
and modifications in the processing time

or postbonding annealing can be used to
further tune the morphology. The poten-
tial therefore exists to further improve the
failure characteristics and maximize the
contribution of ductile copper particles to
interfacial toughening.

Conclusions

Alumina-niobium interfaces were fab-
ricated via diffusion brazing and liquid-
film-assisted joining (LFAJ) at 1400°C
with an applied load of ª2 MPa. The ini-
tially continuous copper film is designed
to redistribute by liquid flow, facilitate the
filling of interfacial voids, and provide a
high transport rate path for dissolved nio-
bium to accelerate alumina-niobium con-
tact growth. Copper film thicknesses were
varied on the surfaces of polished and un-
polished alumina substrates. For polished
substrates, the average fracture strength
increased and the standard deviation de-
creased as the thickness of the copper film
was increased progressively from 0 µm to
1.4 µm to 3.0 µm. As shown in Fig. 1 and
Table 2, the average fracture strength then
increased slightly but the standard devia-
tion also increased as the copper film
thickness increased to 5.5 µm, indicating
that a 3.0-µm copper film is the optimum
thickness on polished substrates.

For unpolished substrates, the intro-
duction of a copper film also resulted in
joints with higher average fracture
strength. However, in contrast to polished
substrates, varying the thickness of the
copper film from 1.4 to 5.5 µm had little
effect on the fracture characteristics of un-
polished substrates, as shown in Fig. 4.
Since the only difference between the two
sets of samples is the alumina surface
preparation, this suggests that when un-
polished alumina is used, some character-
istic of the alumina surface emerges as a
more dominant factor controlling the
strength. The unpolished substrates have
a significantly higher Ra value (Table 1),
and grinding may also introduce near-
surface flaws that are more severe than in
the polished samples. The close coinci-
dence of the strength data for the three
film thicknesses (Fig. 4) suggests that in
unpolished samples larger unfilled voids
along the interface (Fig. 7), or near-
interfacial flaws, or both define a nearly
constant effective critical flaw size. Pol-
ished substrates appear to exhibit slightly
better strength characteristics than unpol-
ished substrates (Table 2), but the benefits
may not be significant enough to require
polishing of the joining surfaces in all
cases.

Fractography of specimens that failed
interfacially indicates that the fracture
path and area fraction of contact between
alumina and niobium are affected by cop-
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per film thickness in samples produced
with polished substrates but not in sam-
ples produced with unpolished substrates,
as summarized in Tables 3 and 4. For pol-
ished substrates, there is progressively less
tearing of the niobium interlayer with in-
creasing copper film thickness. There is a
transition from mainly interfacial failure
to ceramic failure at a thickness of 3.0 µm.
The area fraction of contact increases with
increasing film thickness to 3.0 µm, then
decreases when the film thickness is in-
creased further to 5.5 µm. For unpolished
substrates, the fracture path and area frac-
tion of contact are unaffected by the cop-
per film thickness. The interfacial mor-
phologies of samples produced with
polished surfaces and unpolished surfaces
are significantly different.
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Appendix

Surface roughness can impact the wet-
ting characteristics of the surface and liq-
uid redistribution. A number of variables
have been defined to characterize the sur-
face roughness including Ra the average

deviation in surface height, la the average
distance between peaks of surface fea-
tures, r the roughness parameter, and aa
the average slope of surface features. Val-
ues of these parameters are given in Table
1, and some are used in the discussion. A
brief summary of these parameters and
their significance is provided here.

Wenzel (Ref. 53) proposed that an in-
crease in surface area of a roughened
plane causes a change in contact angle
given by

cosqR/cosq0 = r (1)

where qR and q0 are the contact angles of
sessile drops on, respectively, rough and
smooth horizontal surfaces and r is the
roughness factor, equal to the ratio of the
true area to the apparent (projected) area.
Asperities on a rough surface can act as
barriers to liquid flow, which can signifi-
cantly affect the contact angle predicted
by the Wenzel relation. Shuttleworth and
Bailey (Ref. 54) developed the following
relation:

qR = q0+am (2)

where the angle am represents the maxi-
mum inclination that surface features
make with the average plane of the sur-
face. While the Wenzel model does not
account for hysteresis (a difference in con-
tact angles between advancing and reced-
ing liquid fronts), Shuttleworth and Bai-
ley’s analysis showed that am could be
positive or negative (and therefore qR
greater or less than q0) depending on
whether the liquid front was advancing or
receding. Minimization of the surface en-
ergy of the drop led to the conclusion that

an advancing front comes to rest on a de-
scending slope (am positive) and a reced-
ing front comes to rest on an ascending
slope (am negative).

Hitchcock et al. (Ref. 43) and Nicholas
et al. (Ref. 55) investigated the wetting be-
havior of various liquid metals on ceramic
surfaces. The irregularity of the ceramic
surfaces made it difficult to derive values
of r and am using profilometry. Using the
statistical parameters Ra, the average de-
viation in height of random points on the
ceramic surface from a line drawn such
that the cross-sectional areas of asperities
above and grooves below are equal, and
la, the average distance between peaks of
surface features, values of the roughness
factor, r, and the average slope of surface
features, aa, were obtained from the fol-
lowing expressions:

r = 1+K1(Ra/la)2 (3)

aa = tan–1K2(Ra/la) (4)

where K1 and K2 are arithmetic factors de-
pendent on surface topography equal to
about 50 and 9, respectively. For values of
(Ra/la) up to about 0.06, tan aa is a nearly
linear function of aa and Equation 4 can
be simplified to

aa @ 500(Ra/la) (5)

when aa is expressed in degrees. A linear
relationship was observed between qR and
aa:

qR = q0+aa (6)

This relationship is in agreement with the
analysis of Shuttleworth and Bailey.
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