
A Model for Designing Functionally 
Gradient Material Joints 

An analytical model allows estimation of thermally induced stresses in 
discrete-layer FGM joints, facilitating design for processing 
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ABSTRACT. An analytical, thin-plate 
layer model was developed to assist re- 
search and development engineers in the 
design of functionally gradient material 
(FGM) joints consisting of discrete steps 
between end elements of dissimilar ma- 
terials. Such joints have long been pro- 
duced by diffusion bonding using inter- 
mediates or multiple interlayers; 
welding, brazing or soldering using mul- 
tiple transition pieces; and glass-to-glass 
or glass-to-metal bonding using multiple 
layers to produce matched seals. More 
recently, FGM joints produced by self- 
propagating high-temperature synthesis 
(SHS) are attracting the attention of re- 
searchers. The model calculates temper- 
ature distributions and associated ther- 
mally induced stresses, assuming elastic 
behavior, for any number of layers of any 
thickness or composition, accounting for 
critically important thermophysical 
properties in each layer as functions of 
temperature. It is useful for assuring that 
cured-in fabrication stresses from ther- 
mal expasion mismatches will not pre- 
vent quality joint production. The 
model's utility is demonstrated with gen- 
eral design cases. 
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Introduction 

Joining of dissimilar materials into 
hybrid structures to meet severe design 
requirements is becoming more neces- 
sary and common (Ref. 1). Joints be- 
tween heat-resistant or refractory metals 
and refractory or corrosion-resistant ce- 
ramics and intermetallics are especially 
in demand for advanced aerospace en- 
gines and airframes, advanced energy 
generation and conversion system com- 
ponents, chemical processing plant 
components, and advanced automobile 
engines (Refs. 2, 3). The drivers for such 
hybrid structures are multifold and in- 
clude: 1) optimization of mechanical 
properties (e.g., strength, modulus, 
toughness); 2) optimization of environ- 
mental utility and durability (e.g., wear,- 
corrosion-, and oxidation-resistance); 3) 
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attainment of special properties or com- 
binations of properties (e.g., special 
electrical, optical, magnetic or thermal 
properties with strength); 4) minimiza- 
tion of weight; 5) minimization of raw 
material costs and conservation of lim- 
ited material resources; 6) ease of fabri- 
cation; 7) minimization of fabrication 
and life-cycle costs; and, increasingly, 8) 
consideration of environmental compat- 
ibility (Refs. 3, 4). 

Joining dissimilar combinations of 
oxide and nonoxide ceramics, inter- 
metallics, glasses, and heat-resistant or 
refractory metals and alloys, whether in 
monolithic or reinforced forms, poses 
particular challenges (Refs. 2, 3, 5). Dras- 
tic differences in atomic structure, chem- 
ical composition, and physical or me- 
chanical properties between different 
material types cause serious problems of 
incompatibility that prevent direct join- 
ing by fusion welding and, often, by non- 
fusion welding relying on plastic defor- 
mation, and pose challenges even to 
indirect methods employing heteroge- 
neous filler materials (e.g., brazing or sol- 
dering) (Ref. 3). 

Joining techniques using functionally 
gradient materials or FGM joints bridge 
incompatibilities in chemistry and prop- 
erties by changing composition from one 
joint element to the other. Composition 
changes can be accomplished in steps 
using discrete layers or continuously by 
blending materials from a composition 
that is compatible with (even if not iden- 
tical to) one end element to a composi- 
tion that is compatible with (even if not 
identical to) the other end element. In ei- 
ther case, property differences or mis- 

160-s J MAY 1995 



l MaterialA 

intennediate #I 
intermediate #l  

LI- ? I -  ~ braze or solder layers i 

[II i I, L 1 
(a) DB with Imennediates Co) ~ l d  or Braze with Transition Pieces (c) Matched Seal in Glass-to-Metal Joint 

Fig. 1 - -  Schematic of stepped functionally gradient material (FGM) joints in: A --diffusion brazing~welding using single or multiple intermediates 
or interlayers; B - -  welded, brazed or soldered joints using multiple layers or transition pieces; C - -  multiple transition pieces used in producing 
"matched seals" between glasses or between a glass and a metal. 

matches that would otherwise preclude 
atomic bonding or lead to bond failure 
through mismatch stresses are avoided 
or, at least, are lessened. 

The use of discrete layers for joining is 
not new. Single or multiple interlayers 
are commonly used in solid-state diffu- 
sion welding (Refs. 7, 8), multiple layers 
or transition pieces are commonly used 
in "sandwich" brazing and in soldering 
of dissimilar metals or alloys (Refs. 9-11 ), 
of metals to ceramics or glasses (Ref. 2), 
or even of different glasses in so-called 
"matched seals" (Ref. 12). While such in- 
termediates can perform many functions, 
the most important is almost always to 
gradually change the coefficient of ther- 
mal expansion across the joint to pre- 
clude development of destructively high 
stresses. Examples of the use of such 
stepped FGMs are shown in Fig. 1. 

The use of continuous functionally 
gradient materials for joining is rather 
new, as, in the past, they could not be 
easily accomplished due to lack of suit- 
able processing options (e.g., plasma 
spraying, chemical or physical vapor de- 
position). 

Self-propagating high-temperature 
synthesis (SHS) offers particular promise 
as a joining process for many difficult-to- 
join ceramic or intermetallic materials or 
dissimilar material combinations (Refs. 
13, 14). Briefly, the process involves the 
reaction of powdered elemental solids, 
solids and gases, or elements and com- 
pounds to produce a new compound or 
compound and element with the release 
of substantial exothermic heat of forma- 
tion. The reaction begins when the mix- 
ture reaches a triggering or initiation tem- 
perature (Ti), raises the temperature 
locally at a reaction front through adia- 
batic heating to a combustion tempera- 
ture (Tc), and the reaction progresses 
spontaneously using the heat of forma- 
tion to drive the reaction front. 

The process is attractive for joining for 
several reasons, including: 1) capability 
for generating high temperatures to en- 
able atomic bonding through localized 
melting and wetting of substrates or 

through solid-state reactions or interdif- 
fusion with substrates; 2) minimal heat 
effect in substrates due to the speed of the 
reaction and the highly localized nature 
of heating caused by the reaction; 3) 
high-energy efficiency (with the majority 
of heat needed for joining being gener- 
ated internal to the process); 4) facility for 
production of functionally gradient ma- 
terial (FGM) joints; 5) ability to incorpo- 
rate reinforcing phases in the filler mate- 
rial (for joining composites or producing 
composite filler materials in situ); and 6), 
and not incidentally, essentially the same 
process for joining as was used or could 
have been used to produce the joint end 
elements in the first place (Refs. 15, 16). 
Beyond these advantages, SHS has po- 
tential for joining as either a primary or 
secondary process, where in primary 
joining end elements are joined at the 
time they are, themselves, being synthe- 
sized and where in secondary joining 
preexisting joint components are joined 
as in classic welding and brazing. 

As promising as SHS is for producing 
FGM joints between dissimilar materials, 
processing engineers engaged in re- 
search and development, and often in 
production, need to design these joints to 
overcome process-induced stresses from 
mismatch of coefficients of thermal ex- 
pansion (CTE) between end-elements 
and/or intermediates. Likewise for the 
fabrication of discrete FGM joints by 
other processes. Such "cured-in" stresses 
arise during joint fabrication due to the 
wide excursion in temperature between 
the temperature at which the joint is pro- 
duced and room temperature. If too high, 
they can cause adhesive failure at inter- 
faces or cohesive failure immediately ad- 
jacent to interfaces in weak-boundary 
layers. Thermally induced stresses can 
also arise in service from excursions of 
temperature and/or gradients in temper- 
ature associated with operation, but 
these are routinely dealt with rigorously 
by structural designers. 

While other critical design require- 
ments of FGM joints are that they bridge 
chemical incompatibilities between end 

elements, provide required mechanical 
properties in the joint (e.g., strength, 
modulus, or toughness, as required), and 
exhibit microstructural stability under 
service temperatures, coefficient of ther- 
mal expansion (CTE) mismatch is most 
important during joint formation. 

Objective 

The objective of the work presented 
here was to develop a simple model for 
assisting with the design of functionally 
gradient material joints consisting of dis- 
crete steps or layers between dissimilar 
end elements. The model was to be ca- 
pable of predicting the temperature dis- 
tribution and associated thermally in- 
duced stresses in such joints for a wide 
variety of materials, and to facilitate de- 
sign to reduce cured-in stresses associ- 
ated with joint fabrication, regardless of 
the process employed. 

Description of Model 

Heat Transfer Analysis and Temperature 
Distributions in FGM Joints 

The basic differential equation of heat 
conduction for a three-dimensional 
Cartesian coordinate system is: 

a (  aT~ a f  a T ]  

a I k a T I  + ° C aT 

(1) 
where x, y and z are the three Cartesian 
directions, k is the thermal conductivity, 
p is the density, C v is the volume specific 
heat, and q is the value of any internally 
generated heat. To determine the heat 
distribution in a typical FGM joint during 
cooling following processing (or under 
the influence of an imposed operating 
temperature gradient), one can consider 
the joint to be a simple planar slab with 
constant surface area, ends at prescribed 
boundary temperatures of T 1 and T2, and 
with no internal heat generation, so the 
problem reduces to a case of one-di- 
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Fig. 2 - -  5chematic o f  a typical multi layered FGM joint. 

mensional, steady-state heat conduction. 
Thus, Equation 1 reduces to 

0 -d ; t  -dZ)  = or 

d2T + A(T)-~-- = 0 
dz 2 (2) 

where A(T)= alnk 
az 

The temperature distribution in this 
slab can be obtained by integrating Equa- 
tion 2 twice, using the conditions T 1 (for 
z = zl), T 2 (for z = z2), giving 

.r2 -F2A(T)d. 
T(z)=c0+c0J., exp ", Uz 

(3a) 
where C' 0 and C o are constants. 

The temperature profile T(z) resulting 
from Equation 3A, above, depends solely 
but strongly on thermal conductivity k. If 
k is a constant, T(z) is linear, and Equa- 
tion 3A becomes 

T - T ]  z -  z I 

T2 - T1 z2 - zl (3 b) 

But, if, as is usually the case in real ma- 
terials, k is a function of temperature (Ref. 
17), T(z) is nonlinear. 

In FGM joints, material in the joint ex- 
periences wide excursions of tempera- 
ture during fabrication and both wide ex- 
cursion and, often, steep gradients in 
service. Therefore, thermal conductivity 
must be considered as a function of tem- 
perature, so the temperature distribution 
T(z) in FGM joints must be expressed as 

=Ci  +Ci  r" exp r~ az dz 
(3c) 

where i represents a particular layer in a 

multilayered joint as shown in Fig. 2. 

Thermally Induced Stresses in FGM Joints 

As the temperature of a material 
changes, its length, width and thickness 
change in response. The incremental 
change is called the linear coefficient of 
thermal expansion (CTE). For most mate- 
rials, linear dimensions increase with in- 
creasing temperature, and they increase 
at different rates in different crystallo- 
graphic directions. The change in di- 
mensions arising from temperature 
changes or differences leads to thermally 
induced stresses when the material is not 
free to expand or contract as required. 
Such thermally induced stresses can arise 
during fabrication of joints or in joints in 
service, and can, in either case, lead to 
joint failure if stresses rise high enough. 
The challenge, then, is to calculate the 
stresses that are induced in a material 
joint due to the prevailing temperature 
distribution calculated from the general 
heat flow equation presented earlier. 

The ratio of thickness to length or 
width for an individual layer in a FGM 
joint is almost always very small. Thus, a 
thin plate assumption can be used to de- 
rive thermal stresses. The normal strain, 
8T z, is neglected under this assumption, 
reducing the thermal strains in a Carte- 
sian system to ~t x, ~ty and ~xy. As stated 
above, thermal strains develop in every 
layer of material as a result of tempera- 
ture changes or differences from excur- 
sions or gradients. The thermal strain, 
{F,T}, is equal to the product of the coeffi- 
cient of thermal expansion, ~, of the ma- 
terial and the change in temperature, AT, 

given by {~T} _- @AT. The coefficient of 
thermal expansion {(~}, however, varies 
with temperature (Ref. 17). Again, since 
FGM joints are subjected to large tem- 
perature changes either during fabrica- 
tion or in service or both, the coefficient 
of thermal expansion {(:z} must be con- 
sidered as a function of temperature. 

Thermal strains do not produce 
stresses when the material is completely 
free to expand, bend and twist. However, 
an individual layer in a multilayered ma- 
terial is not completely free to so deform. 
The deformation of each and every layer 
is influenced by adjoining layers, and 
thermal stresses are induced by the con- 
straints placed on deformation. The 
strains that cause stresses are given by: 

(4) 

where {E °} and [Y} are midplane strains 
and midplane curvatures. Therefore, the 
induced thermal stresses can be obtained 
by 

I.O+z,. ] 
4 I- T 

(5) 
where [Q], a matrix, represents material 
stiffness within a layer in each and every 
direction. For an isotropic material, the 
[Q] matrix is 

1_v2 1_v2 o 

vE E 
[ol = ~_~  ~ - ~  

o 0 

(6) 
This [Q] matrix affects thermal stresses, 
and its components contain the material 
properties of elasticity modulus (E), shear 
modulus (G), and Poisson's ratio (v). 
Once again, these material properties are 
affected by temperature changes (Ref. 
17) and must be considered as functions 
of temperature in FGM joints. 

In Equation 5, the midplane strains, 
{~0}, and the curvatures, {y}, are un- 
known, but can be evaluated from the 
equivalent forces {N T} and moments {M T} 
in 

L8 °JL" J (7) 
where [A], [B] and [b] are the exten- 
sional stiffness matrix, the coupling ma- 
trix, and the bending stiffness matrix for 
mult i layered materials, respectively. 
They are, in turn, defined as 
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Fig. 3 - -  Predicted cured-in stresses for two different simulated processing cycles. A - -  1500 to 300 K; B - -  1000 to 300 K. 

n 

[A,] = ,T_, [Q, ](h,- h,_, ) 
i=1 (8a) 

Bi ]  1 n 2 

i=] 

(8b) 

(8c) 

The thermal forces in a layer are pro- 
duced by the constraints placed on its 
free deformation by adjacent layers. Be- 
cause the coefficient of thermal expan- 
sion of an individual layer and its adja- 
cent layers are different, a temperature 
change (or difference) wi l l  result in un- 
equal thermal strains so thermal mo- 
ments are induced. The thermal forces 
and moments can be obtained by 

and 
(9) 

[ ME 1 n 

(10) 
where h i and hi. 1 define the position of a 
layer in a multilayered material - -  Fig. 2. 

From the above analysis, it is clear 
that the magnitude of induced thermal 
stresses depends on the thickness of in- 

dividual layers, the number of layers, the 
temperature change or prevailing gradi- 
ents, and material properties (c(, k, E, G 
and v) as functions of temperature. In 
order to reduce cured-in stresses from 
fabrication processes and residual 
stresses arising during service, a com- 
puter program has been developed to an- 
alyze the relationship between thermal 
stresses and joint design parameters. The 
source code for computing temperature 
distribution and thermal stresses was de- 
veloped using FORTRAN computer lan- 
guage on an IBM ES/9000 Model 580 
large-scale computer using the MTS 
(Michigan Terminal System) operating 
system. This source code can be trans- 
ferred to any computer system (e.g., Mac- 
intosh, IBM PC, etc.) provided a FOR- 
TRAN compiler is available. 

Results Obtained for Typical Cases 

The true test of the util ity of a model 
is its abi l i ty to predict outcomes for 
meaningful situations or cases. Ult i -  
mately, predictions should be verified by 
experimental measurements (e.g., here, 
residual stresses using neutron diffrac- 
tion). Initially, however, a test of the va- 
lidity and utility of a model's predictive 
capability can be seen from whether it al- 
lows cured-in stresses to be reduced to 
permit successtul joint fabrication. Also, 
predictions of the model can be used to 
identify general effects of joint design 
changes on process-induced stresses. 

To assess and demonstrate the util ity 

of the analytical thin-plate layer model 
described here, the results obtained for 
several cases representative of the variety 
of situations and conditions that must be 
dealt with during the production of FGM 
joints by SHS or other joining processes 
are presented below. The relationship of 
each case to general joining is empha- 
sized, where appropriate. 

For illustration here, in each case the 
joint consists of a ductile, nickel-based 
alloy (Alloy 600) end element (with a 
nominal CTE of 14 x 10 -6 K -1 ) joined to a 
brittle, alumina ceramic (AI20 g) end ele- 
ment (with nominal CTE of 6 x 10 -6 K -1) 
using multiple steps or layers of gamma 
(7) nickel aluminide (Ni3AI) (with nomi- 
nal CTE of 12 x 10 -6 K -1 ) mixed with var- 
ious volume fractions of alumina (AI203) 
particles. Overall joint processing tem- 
peratures and individual end-element 
operating temperatures were varied to 
produce different cured-in or service-in- 
duced residual stresses. Joint end ele- 
ments were taken to be either circular or 
square in cross-section to make the nor- 
mal stresses cx and cy the same (i.e., (~x 

-- ~y). The assembled joint was free to ex- 
pand or contract in its axial (or longitu- 
dinal) direction, making the normal stress 
c~ z zero. The particular joint material 
combination is not important to this pre- 
sentation; what is important is the effect 
of various design changes on the magni- 
tude of thermally induced normal (0× and 
C~y) and shear (C~xy or •xy) stresses. 

Before employing the model for more 
complicated discrete FGM cases, its gen- 
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eral validity was tested for the trivial case 
of several thin layers of Alloy 600 sand- 
wiched between thick Alloy 600 end el- 
ements. As it should, where there is no 
mismatch of CTE between joint elements 
or interlayers, the model predicted no 
residual stresses were cured-in following 
an excursion from 1300 K during reac- 
tion to 300 K following cooling to room 
temperature. For all cases, equilibrium 
(i.e., balance) between tensile and com- 
pressive stresses was tested and found to 
exist. 

Variable Temperature Excursions 

The production of FGM joints by SHS 
requires either of two conditions: 1 ) that 
the end elements of the joint are kept at 
a reasonably moderate temperature 
while the combustion reaction adiabati- 
cally raises the temperature of the joint 
filler material and immediately surround- 
ing material to much higher tempera- 
tures, thereby producing a substantial 
temperature gradient through the joint 
for a short time; or 2) that the joint end el- 
ements are heated to near the reaction- 
initiation temperature, the reaction is 
triggered and the atomic bond is pro- 
duced, and, then, the assembly is cooled 
back to room temperature, in which case 
a wide excursion in temperature takes 
place. The first condition represents the 
propagation mode of SHS, while the sec- 
ond represents the simultaneous com- 
bustion mode (Ref. 13). The second con- 
dition is far more representative of what 
occurs with most other joining options, 
including diffusion welding, brazing, sol- 

dering and glass-bonding, i.e., the tem- 
perature of substrate is raised to acceler- 
ate diffusion or promote melting, wetting 
and spreading of filler material (and, pos- 
sibly, substrate). Nonfusion welding by 
friction would be representative of the 
first condition. Both conditions, regard- 
less of specific process, lead to thermally 
induced stresses. 

Model predictions for two different 
temperature excursions for two different, 
simulated processing cycles (e.g., reac- 
tion and bonding at 1500 and 1000 K) 
are shown in Fig. 3A and B, respectively, 
for a functionally gradient material joint 
consisting of three equally thick (0.8- 
mm), equally incremental composition 
layers between much thicker (24.0 mm) 
end elements 1. As would be expected, 
the greater temperature excursion (a dif- 
ference of 1200 vs. 700 K) produced 
greater normal and shear stresses. The 
general distribution of stresses (between 
tensile and compressive components) 
was quite similar. The magnitude of the 
cured-in residual stresses developed 
were of the same order as those predicted 
by other investigators using a simple fi- 
nite element model in FGMs between 
NiAI to A1203, i.e., 1-2 GPa, with high 
compressive stresses occurring near and 
in the alumina end element (Ref 18). 

Variable Overall Joint Thickness 

Relatively little can be done to change 
the magnitude of temperature excursions 
and only slightly more can be done to re- 
duce prevailing gradients imposed dur- 
ing joining, so cured-in stresses must be 

dealt with in other ways. One apparent 
approach is to vary the overall thickness 
of the joint using some fixed number of 
intermediate, graded composition steps, 
intermediates or transition pieces. Such a 
case was run for a joint like that run 
above (in Fig. 3A) with 24.0-mm-thick 
end elements, but with the grading of 
composition occurring in three steps of 
much greater thickness (i.e., 2.4 mm vs. 
0.8 mm each, 7.2 vs. 2.4 mm overall). In- 
creasing the overall graded joint thick- 
ness lowered the normal and shear 
stresses slightly, but had little effect on 
the direction of the stresses. It was clear 
that much greater effects could be ob- 
tained by varying the number of layers 
and/or the incremental change in com- 
position from layer to layer. 

Decreasing the overall thickness of 
the FGM joint layers (toward zero thick- 
ness as a limit), increased the level of 
stresses. For many other joining options, 
the use of actual transition pieces, as op- 
posed to simple composition layers, 
greatly increases the thickness of the 
joint, so mismatch stresses can be much 
more effectively lowered by spreading 
them out. Examples prevail in diffusion 
brazing between metals and ceramics 
and in glass-to-metal joining. In such 

1. Because the very thick end elements would 
have forced the plot of  stresses to be severely 
compressed i f  shown to scale, end elements 
were broken, showing the value of  residual 
stress at the interface to the FGM and at the 
end of  the end element itself. Within the end 
elements, stress varied linearly from the value 
at the interface back to the end of  the element. 
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Layer 2 Layer 2 
70% NisA130% AI203 ~: 70% Ni3AI 30% AJ203 
Layer 3 E Layer 3 
50% NIsA150% AI203 ~ 50% NI3AI 50% AI203 
Layer 4 c:: Layer 4 
35% NisA165% AI203 ~ 35% NIs/~J 65% A~203 
Layer 5 :1~ Layer 5 

~rj 

20% NISA180% AI203 20% NISA180% AI203 
K Layer 6 K Layer 6 

10% NisA190% AI2C 10% NI3A190% AI203 

Base B Base B 
100% AI203 100% AI203 

26, i I  --1400K 

Fig. 6 - -  Predicted stresses for a six-layer FGM under two different prevai l ing temperature gradients. A - -  A gradient o f  1000 K; B - -  A gradient  
o f  700 K. 

joints, however, stresses are often not 
purely elastic, as yielding occurs in duc- 
tile metals used as interlayers. 

Variable Number of Steps 

Another approach for reducing cured- 
in stresses during joining is to change the 
number of incremental composition 
steps or interlayers across the joint, pro- 
vided the greater number of steps re- 
duces the incremental mismatch in CTE 
between adjacent layers. Figure 4A and 
B shows the result of changing the num- 
ber of steps between end elements from 
three (in Fig. 3A and B) to six. In each 
case, the overall joint thickness is the 
same (i.e., 2.4 mm), although the thick- 
ness of end elements differs between Fig. 
4A (2.4 mm thick) and 4B (24.0 mm). In 
each case, the change in composition 
across the joint is made in equal incre- 
ments of equal thickness. The excursion 
from processing at 1000 K to room tem- 
perature (300 K) is also held constant. 
The effect of increasing the number of 
steps, reducing the mismatch from step to 
step, was to lower the normal and shear 
stresses (compare Figs. 3B and 4A). In- 
creasing the number of steps to reduce 
cured-in stresses is most common in the 
production of matched seals between 
glasses of significantly different CTE or 
between glasses and metals, although 
there are other examples in diffusion 
welding/brazing (e.g., of gray cast iron to 
ceramics) and brazing using transition 
pieces between metals and ceramics. 

In the limit, increasing the number of 
steps to infinity would very drastically, 

but not totally, reduce the cured-in 
stresses. This is one of the advantages of 
employing continuous-gradient FGMs. 

Changing the Thickness of Joint End Elements 

Changing the thickness of the joint's 
end elements (from 24.0 to 2.4 mm) rel- 
ative to the graded joint thickness (2.4 
mm) had some effect on the distributions 
for both normal and shear stresses, but 
did not change the magnitude of these 
stresses very much. In general, thicker 
end elements tended to increase cured- 
in stresses somewhat, due to their greater 
restraining effect. These effects can be 
seen by comparing Fig. 4A and 4B to one 
another and to Fig. 3B. 

Changing Composition Increments 
between Steps 

Clearly, the most significant effect one 
can have on cured-in stresses is to mini- 
mize the mismatch between the CTE of 
the end elements by appropriate selection 
of composition in the graded joint inter- 
layers, minimizing the difference in CTE 
between adjacent layers 2. This effect is 
shown in Fig. 4C and D for end element 
thicknesses of 2.4 and 24.0 mm, respec- 
tively. The number of steps is six, just as 
in Fig. 4A and B, but the compositions of 
steps has been changed to drastically re- 
duce the severity of the mismatch from 
the last interlayer to the alumina end ele- 
ment. The result is a slight lowering of 
both normal and shear stresses, and a 
change in the distribution of stresses later- 
to-layer (comparing 4C to 4A and 4D to 

4B). This approach is widely employed in 
assembling brittle joints, as between a 
glass and a metal. As a rule of thumb, the 
increment of CTE between adjoining lay- 
ers should not exceed about 10%. 

Figure 4E shows a joint comprised of 
the same number and composition of 
steps as in Fig. 4D, only the thickness of 
individual steps, as well as the overall 
joint, are increased. The effect is to lower 
normal and shear stresses slightly. 

Steps of Different Thicknesses 

In many dissimilar material joints, the 
material in one end element is better able 
to accommodate strain than that in the 
other, although this cannot show up in 
purely thermoelastic analysis if yielding 
occurs. In general, however, cured-in 
stresses can be reduced by using steps of 
different (i.e., unequal) thickness, with 
thinner steps of greater mismatch near 
the higher ductility end of the joint and 
thicker steps of smaller mismatch near 
the brittle end of the joint. Figure 5A and 
B compare the results for joints consist- 
ing of six steps of different thicknesses vs. 
steps of equal thickness, but similar com- 
position increments, as shown in Fig. 4D. 
In Fig. 5A, the thickest step abuts the 
more ductile end element, while in Fig. 
5B the thicker step abuts the more brittle 
end element. As shown in Fig. 5B, much 

2. Wi thout  question, there are interaction ef- 
fects among layers not  immediate ly adjacent 
to one another. That is, a restraint due to a 
CTE. mismatch can be felt across several in- 
terlayers. 
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more of the joint can be placed in com- 
pression by increasing layer thicknesses 
near the brittle end element, even though 
the magnitude of the stresses is not al- 
tered much. 

Obviously, both the thickness of indi- 
vidual steps and the incremental change 
in composition between adjoining steps 
can be varied simultaneously to possible 
advantage, and this is frequently done, as 
in glass-to-metal sealing. 

Different Steady-State 
Temperature Gradients 

A temperature gradient can exist 
across an FGM joint due either to the ef- 
fect of localized heating during joint for- 
mation using the propagation mode or in 
service due to different exposure temper- 
atures imposed at each of the end ele- 
ments. Figure 6A and B show the states 
of stress for two different prevailing gra- 
dients in a six-layer FGM of the same 
compositions as the joint in Figure 4D: 
for a gradient of 1000 K in 6A and for a 
gradient of 700 K in 6B. As expected, the 
stresses are higher for the more severe 
gradient. 

Different Constitutive Laws 

Whenever different materials are 
mixed to create a composite, it is obvious 
the various properties of the composite 
are a function of its constituents' proper- 
ties. What is not obvious is what consti- 
tutive law governs the composite's prop- 
erties. A widely used constitutive law is 
Xcn = v+X+ n + VhXh n, where v+ and v h are 
the volume fractions of the lower and 
higher modulus constituent, respectively, 
X is an appropriate property, such as 
modulus of elasticity (E), coefficient of 
thermal expansion (00, thermal conduc- 
tivity (k), mass diffusivity (D), or electri- 
cal conductivity ((y), and where n has a 
value of 1, 1/2, 0 (actually, approaching 
0, say _+ 0.01), -1/2, or -1, depending on 
the relative values of the modulus of the 
reinforcement vs. the matrix, starting 
with a low modulus reinforcement at n = 
1 and moving to an extremely high mod- 
ulus reinforcement at n = -1. The consti- 
tutive law used in all cases (shown in 
Figs. 3-6) is that above, with n = 1. Other 
constitutive laws have been tested, but 
results are not shown. The importance of 

constitutive law is rather uniquely im- 
portant to SHS, although it could be im- 
portant in joining of composite or mono- 
l i thic materials using composite f i l ler 
materials employing other processes 
(e.g., diffusion welding). 

Summary 

An analytical model based on a thin- 
plate assumption has been developed for 
determining the stresses induced in func- 
t ionally gradient material joints consist- 
ing of discrete composition steps by the 
joint product ion process. The layer- 
model incorporates important material 
properties (e.g., coefficient of thermal ex- 
pansion, k, thermal conductivity, ~, elas- 
tic modulus, E, and Poisson's ratio, v) as 
functions of temperature. Such inclusion 
is critical to meaningful predictions, and 
is rather unique in current analyses. The 
model has been shown to be user- 
fr iendly and quite versatile, enabl ing 
joint design optimization through varia- 
tion of the overall joint thickness, the 
thickness of end-elements, the number of 
steps comprising the overall joint, the rel- 
ative thicknesses and arrangement of the 
various steps employed, the composition 
of individual steps, and the composite 
properties for various composition using 
different constitutive laws. Predicted re- 
sults give good insight to the state of 
stress developed during processing, and, 
so, are useful for aiding in joint design by 
process engineers by comparing to end- 
element failure stress. A more elaborate 
model based on finite element/finite dif- 
ference analysis methods is needed to 
analyze FGM joints with continuous gra- 
dients, such as that developed by others 
(Ref. 19). 
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