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ABSTRACT. On the basis of the fracture 
criterion, a crack-tip equation of motion 
has been derived for a rectangular 
through crack due to nonuniformly dis- 
tributed residual stresses in a weldment. 
The dependence of the dynamic stress in- 
tensity factor and dynamic fracture tough- 
ness on crack speed was employed in the 
derivation. The effect of crack-tip blunt- 
ness and the difference between initia- 
tion toughness and arrest toughness were 
also considered. This model gives better 
correlation with experimental data on 
limiting crack speed obtained from the 
literature, as compared with other mod- 
els. Variations in crack length and crack 
speed with time have also been obtained. 
The effects of bluntness parameters and 
initial crack length on crack growth be- 
haviors have been investigated in detail. 

Introduction 

The study of crack speed is essential in 
the field of dynamic fracture mechanics, 
especially when analyzing the dynamic 
response due to a rapidly propagating 
crack using acoustic emission. Particu- 
larly in the case of a weldment, where the 
residual stress developed during cooling 
is nonuniformly distributed, the crack- 
speed function as the crack propagates 
can be quite complicated. 

The longitudinal residual stress in a 
weldment is usually highest along the 
weld centerline, diminishes in the trans- 
verse direction, and is balanced by com- 
pressive stresses in the rest of the 
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weldment. In the tension zone of the 
weldment, some defects or initial cracks 
may exist due to hot cracking during 
solidification. Crack propagation can be 
initiated from such defects or initial 
cracks. 

Crack motion in brittle materials sub- 
jected to uniform loading has been ex- 
tensively studied. Extending Griffith's 
theory by including the kinetic energy ef- 
fect, Mott (Ref. 1) gave the first quantita- 
tive prediction for the speed of a central 
crack propagating rapidly under a uni- 
form remote stress in an infinite body. His 
derivation assumed that the crack speed v 
is independent of the crack length a, i.e., 
dv/da = O. He argued that the velocity of 
crack propagation, under uniform stress, 
of a crack in a material that is not ductile, 
will tend toward a value of the order of the 
velocity of sound in the material, which is 
independent of the velocity of the applied 
stress or the atomic cohesive forces across 
the cleavage plane. 

Mott's result was refined by Berry (Ref. 
2) and Dulaney and Brace (Ref. 3) by re- 
moving the assumption that dv/da = 0. 
They obtained the limiting crack speed as 
0.38Co, where C o is the velocity of elas- 
tic waves undergoing one-dimensional 
wave propagation in a thin rod. Kanninen 
and Popelar (Ref. 4) incorporated the ki- 
netic energy into the dynamic energy re- 
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lease rate, which is a combination of ki- 
netic energy and potential energy 
change. They re-derived the crack-tip 
motion by applying Freund's dynamic 
approach (Refs. 5, 6). Although their 
derivation is more rigorous, the experi- 
mental data for limiting crack speeds, 
0.2C o to 0.42C o for most metals and 
glasses (Ref. 7), are closer to the earlier 
result, 0.38C o (Ref. 3). (The elimination 
of such a discrepancy is one of the ob- 
jectives of our present work.) Bergkvist 
(Ref. 8) considered a crack-speed-depen- 
dent fracture toughness in his derivation 
of crack motion. By equating the dy- 
namic energy release rate to the fracture 
energy, he derived the crack-tip equation 
of motion and gave a numerical result for 
a brittle central crack subjected to a uni- 
form extension load. The initial crack 
motion of a Griffith crack was derived by 
Rose (Ref. 9). By introducing a slight per- 
turbation, which makes the stress inten- 
sity factor larger than the fracture 
toughness, he obtained an approxima- 
tion to the equation of motion for the un- 
stable growth of a Griffith crack. By 
considering a slightly blunted crack, 
Freund (Ref. 10) derived the equation of 
motion for a half plane crack subjected to 
an opposite pair of concentrated forces in 
an otherwise unbounded elastic solid. 
Again, his result was under the assump- 
tion of constant fracture energy, although 
the dynamic energy release rate was con- 
sidered as a function of crack speed. Re- 
cently, Xu and Needleman (Ref. 11) 
developed the cohesive zone model for 
dynamic fracture, where the cohesive 
surface constitutive relation was ob- 
tained. Of these authors, only Bergkvist 
(Ref. 8) considered the dependence of 
dynamic fracture toughness on crack 
speed, and his derivation was based 
upon the assumption that the initial crack 
half length a o =- 0 or a o is much less than 
the instantaneous crack half length a. 
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In this article, we use the dynamic stress 
intensity and dynamic fracture toughness 
as functions of crack speed in the deri- 
vation of the crack-tip equation of motion 
and consider the effect of bluntness of the 
crack tip, as well as the difference between 
the initiation and arrest fracture toughness. 
The method is applied to the case of crack 
propagation in a weldment with a non- 
uniform distribution of residual stress. The 
crack growth model in this article is com- 
pared with other models in the literature 
and experimental results, all of which re- 
late to the case of uniform remote stress-- 
a special case in our model. Finally, the nu- 
merical results of crack growth will provide 
the data necessary for determining the 
crack opening displacement, and thereby 
afford opportunities for obtaining the dy- 
namic response at a field point due to a 
cracking source. 

B a c k g r o u n d  

Dynamic Stress Intensity Factor 

Consider a semi-infinite crack on the 
plane ~2 = 0 in an otherwise unbounded 
body subjected to general time-indepen- 
dent loading. The crack tip is stationary 
until the instant of crack growth onset. It 
then propagates in the ~l-direction with 
instantaneous crack-tip location ~ = a 
and crack speed v (= da/dt). The propaga- 
tion of the crack depends only on the local 
asymptotic stress field near the crack tip. 
For small scale yielding, propagation of a 
crack in mode I fracture is governed by the 
instantaneous stress intensity factor Kr(a,v) 
- -  often termed the dynamic stress inten- 
sity factor for opening mode. It has the fol- 
lowing form (Refs. 5, 6, 10, and 12): 

Kj(a,v) = k(v) Kl(a,0), (1) 

where Kl(a,0) is the equilibrium stress 
intensity factor for the specified time- 
independent loading, k(v) is a universal 
function of instantaneous crack speed 
given by (Ref. 10) 

k(v)= 1-v/CR (2) 

C d is the dilatational (or longitudinal) 
wave speed and C R is the Rayleigh wave 
speed. Thus 

Kl(a,v) = 1- V/CR 
~/1_ V/Cd Kl(a'O)' 

(3) 

which has been proven to be valid for ar- 
bitrarily varying crack speeds (Ref. 12). 
The relationship between k(v) and crack 
speed is also depicted in Fig. 1. 

Note that the above equation is only 
valid for mode I loading. If the crack is 
curved, mixed-mode loading occurs, and 
k(v) will take a different form for different 
fracture modes (Ref. 12). We will not 
consider crack curving in this research. 
We note that Equation 3 was developed 
for an infinite body. It is also valid, how- 
ever, for a finite body, so long as the re- 
flected stress waves from the nearest 
boundary have not yet impinged upon 
the crack tip (Ref. 4). Furthermore, the as- 
sumption of a semi-infinite crack means 
that the loading due to the stress waves 
generated by the propagation of the other 
crack tip, if one exists, was not consid- 
ered in Equation 3. This assumption, 
however, can be eliminated if the stress 
wave generated at the other tip of a finite 
crack has not yet reached the crack tip of 
interest, or if it is negligible in amplitude. 
For engineering consideration, its ampli- 

tude is negligibly small compared to the 
magnitude of critical stress for crack ex- 
tension. 

Dynamic Fracture Toughness 

During crack propagation, the dy- 
namic stress intensity factor K t must al- 
ways be equal to the dynamic fracture 
toughness KID of the material, i.e., 

Kr(a,v) = KID. (4) 

The dynamic fracture toughness KID 
can be determined experimentally by 
using optical methods combined with 
high-speed photography. The photoelastic 
and caustic (shadow spot) methods are 
widely used. The dynamic stress intensity 
factor can be calculated by observing the 
fringe pattern and the shadow spot, 
respectively, at the crack tip from high- 
speed photography, where the instanta- 
neous value that the stress intensity factor 
assumes is the dynamic fracture toughness 
KID. The relationship between dynamic 
fracture toughness KID and crack speed 1 
has been obtained by a number of re- 
searchers (Refs. 13-16). All these authors 
obtained results of the general form shown 
in Fig. 2. In general, the crack speed is ob- 
served to have relatively little influence on 
the dynamic fracture toughness at low 
crack speeds, but KID increases rapidly as 
the crack speed approaches a certain lim- 
iting speed v c, sometimes called the ter- 
minal velocity. As mentioned by Kanninen 

1. This involves the tacit assumption that the 
dynamic fracture toughness depends on the 
crack speed only (and in particular is inde- 
pendent of acceleration). This assumption is 
valid for comparatively brittle materials 
(Ref. 8). 
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Fig. I - -  Relationship between k(v) and normalized crack speed. Fig. 2 - -  Relationship between dynamic fracture toughness and crack 
speed. 
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and Popelar (Ref. 4), the limiting speed 
depends neither on the manner of pro- 
ducing the crack nor upon the applied 
stress, and it ranges from 0.2C o to 0.4C o 
(Ref. 7) for most glasses and metals. In Fig. 
2, KIo is the initiation fracture toughness 
for an initially sharp crack tip, and KIM is 
the fracture toughness corresponding to 
zero crack speed and therefore also de- 
scribes the condition at the instant of 
crack arrest. 

The KID-V curve can be approximated 
by the following empirical equation (Ref. 4): 

KID = KIM , (5) 

where n > 0 is a dynamic shape factor, 
and KIM , vc, and n are to be determined 
experimentally. 

General Crack-Tip Equation of Motion 

The governing equation for crack-tip 
motion can now be obtained by substitut- 
ing Equations 3 and 5 into Equation 4, re- 
sulting in the following ordinary differential 
equation: 

1 da 
1 - - - - -  

C R dt Kl(a,O~=t ) KIM 
I d a  Clda]  ° 

C d dt 1-Lv c dt_l 

, (6) 

for a, where v has been replaced by da/dt. 
Solving this equation, we can obtain the 
crack-tip speed. Crack arrest will occur 
when Kl(a,v) < KIM. 

Propagation under a Nonuniform 
Stress 

Consider a rectangular through crack 
in the plane ~2 = 0 with crack tips initially 
at +a o at the weld joint in a large thin 
plate - -  Fig. 3. The longitudinal residual 

stress that develops in the ~2-direction 
during cooling may cause brittle crack 
propagation in the ~rdirection in a high- 
hardenability material. We make the fol- 
lowing assumptions: 1) that the material 
is homogeneous and isotropic and that 
the plate has cooled to the temperature 
range in which the material behavior is 
linearly elastic; 2) that the crack propa- 
gates in an infinite plate, which is appro- 
priate as long as the plate is large enough 
for the fracture process to be completed 
before the reflected stress waves gener- 
ated from the fracture impinge on the 
crack; 3) that the crack propagates sym- 
metrically with respect to the plane ~1 = 
0 at variable crack speeds with instanta- 
neous crack-tip locations at ~1 = _+a. 

According to Josefson's (Ref. 17) study 
of the welding residual stress in a thin 
plate (4.6 mm thick), the through-thick- 
ness stress variation is small. As a result, 
we can assume that the stress field is uni- 
form in the ~3-direction for the thin plate. 
The distribution of longitudinal residual 
stress o R in the weld joint is found ex- 
perimentally to have the form illustrated 
in Fig. 4 (Refs. 18-20). This curve can be 
approximated by the equation (Ref. 21) 

= 

O'o{1-I-~']'] 2 } e x p ~ - l I ~ ' ]  2}, (7) 

where c is the half-width of the tension 
zone and o o is the maximum tensile 
residual stress at the weld center. The 
value of o o is less than or approximates 
the yield strength Oy of the material, and 
the value of Oy- G o increases with an in- 
crease in yield strength (Ref. 21). 

Note that the stress distribution given 
in Equation 7 is only valid for a weldment 
without cracks. Once a crack forms, the 
stress is red istributed. We assume that the 

crack is far from both ends of the weld, 
so that the residual stress redistribution 
can be ignored and Equation 7 is still 
valid during crack propagation. The equi- 
librium stress intensity factor Kl(a,O) is the 
same as that of a crack opened by normal 
tractions equal and opposite to 0R(~1) in 
an otherwise stress-free body (Ref. 22). 
Now Kl(a,O) can be obtained by the su- 
perposition of the general solution for a 
pair of eccentric point forces of magni- 
tude P acting on the upper and lower 
crack faces - -  Fig. 5. The equilibrium 
stress intensity factor for the right crack 
tip for such a concentrated loading con- 
dition is (Refs. 23, 24) 

KIa 0 ~- P a~ I (8) 

By superposition, the equilibrium 
stress intensity factor for a crack sub- 
jected to the nonuniform pressure of 
magnitude 0R(~1) is given by the integral 

Kl(a,O) = ~ . a  io'R(~l)~ aa~ld~l .  (9) 

Employing the residual stress distribu- 
tion 0R(~1) given by Equation 7, this inte- 
gral becomes 

Kl(a,O) = 2O'of(a/c) ~-~~, (I O) 

where 

I I (111 

and ~ -- {1/c. Note  that  Kl(a,O) --* 
oo(q~a)l/2 if c ~ ~,  which converges to 

Fig. 3 - -  A rectangular crack in a weldment .  Fig. 4 - -  Longi tudinal  residual stress distr ibution in a weldment. 
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Fig. 5 - -  Crack with a pair o f  eccentric con- 
centrated forces. 

the equilibrium stress intensity factor of a 
central through crack under uniform re- 
mote stress ~o. The function f(a/c) has a 
zero at the critical value a* = 1.78c and 
is positive in 0 < a < a* and negative in a 
> a*. It follows that a crack cannot prop- 
agate beyond a = a*. 

As the weldment cools, the residual 
stress increases gradually, as do the stress 
intensity factor and energy release rate 
for virtual crack growth. Eventually the 
crack may start to propagate if (~o is high 
enough. At the moment just before crack 
growth, we have a = a o and v = O, and the 
crack wil l  start to propagate when the 
equilibrium stress intensity factor K](ao,0) 
is equal to the fracture toughness, Kio. 

Note that if the initial crack is not per- 
fectly sharp, a somewhat higher value of 
Ki(ao,0) is needed to initiate crack propa- 
gation, and this effect is described by 
defining an apparent fracture toughness: 

Kto' n~b K]O, (12) 

where n b is known as the bluntness pa- 
rameter. The value of n b is related to the 
root radius of the initial crack tip (Ref. 
25). The relation between Kio' and notch 
root radius can be obtained from Ref. 26 
for alloy steels and Ref. 27 for AISI 4340 
steel. With this notation, the condition 
for the initiation of crack propagation is 

Kl(ao,O )= n~%-b KIO. (13) 

Substituting Equation 10 into Equation 
13, we have 

2 of(aoJC) = (14) 

from which we obtain the critical c~ o for 
crack initiation as 

K.o ~ b / a o  
cr o = 2f (ao/C) 

(15) 

Once the crack starts to extend, crack 
propagation is governed by Equation 6, 
where 

f(a/c) 
Ki (a,0) = Kjo ~ / a ~ - ,  (16) 

from Equations 10 and 15. Substituting 
Equation 16 into Equation 6, we obtain a 
differential equation: 

1 da 

" I da Lvcdt/ J 
C d dt 

[ , If(aoJC)/ao (17) 

for the instantaneous crack half-length, a. 
The initial crack speed immediately 

after the onset of crack growth, %, can be 
obtained by substituting a = a o in Equa- 
tion 1 7, giving 

, vo,c  { rvolnl 
~ 1 LV~_l ; 

i 

/ 1 . (18) KIM 
KIO ~nb 

It is evident that v o depends on the 
bluntness parameter n b but is indepen- 
dent of the initial crack length a o and the 
half-width c of the tension zone. This is 
to be anticipated because the initial 
crack speed can only depend on the local 
conditions at the crack tip immediately 
before propagation starts, and these are 
characterized completely by bluntness 
and fracture toughness. Thus Equation 18 
also applies to more general fracture 
geometries and loading conditions. If 
the right-hand side of Equation 18 is unity 
- -  i.e., if the crack is sharp (n b = 1) and 
Kio = KIM - -  then this equation has the 
trivial solution v o = O, because C d > C R 
and n > 0. For KiM/(Kio~/nb) slightly less 
than unity, v o << {Vc, CR, Cd}, and an ap- 
proximate solution to Equation 18 can be 
obtained by expanding the left side and 
dropping higher order terms, with the 
result 

KIM 1- I ~ "  
KIO ~ nb (1 9) 

% -  1 1 

CR 2Cd 

The final crack half-length af is ob- 
tained by substituting da/dt = 0 in Equa- 
tion 17, giving 

f(ao/C)/ ao _ KIo 

f(af/c) ~n-~f KIM 
(20) 

N u m e r i c a l  P r o c e d u r e  

Equations 17 and 18 cannot be solved 
explicitly and require a numerical solu- 
tion. Given the initial crack half-length, 
a o, the bluntness parameter, nb, the pa- 
rameters of the empirical KID - v curve, 
and the stress wave speeds for the mate- 
rial, the initial crack speed v o can be cal- 
culated iteratively by Newton's method 
from Equation 18. Once the initial crack 
speed is obtained, the crack half length 
after a small time increment 8t can be 
calculated, and the new crack speed 
da/dt can be obtained by iterative solu- 
tion of Equation 17. This procedure is re- 
peated for subsequent time increments 
until the crack speed falls to zero, when 
crack arrest will occur. Once a and da/dt 
are known as functions of time, the dy- 
namic stress intensity factor Ki(a,v) can 
be calculated from Equations 3 and 16. 

Adequate convergence of the algo- 
rithm was obtained using a time incre- 
ment of 0.25 laS, which was therefore 
used throughout the following work. 

Resul ts  a n d  D i s c u s s i o n  

To illustrate the use of the method, we 
consider the dynamic fracture of AISI 
4340 steel, for which the wave speeds are 
C d = 6201 m/s and C R = 3217 m/s (Ref. 
28). 

Dynamic fracture toughness measure- 
ments for this material have been per- 
formed by Dally (Ref. 13), Rosakis, et al. 

(Ref. 14), and Zehnder, et al. (Ref. 16). 
The results, summarized in Table 1, show 
that KjM falls in the range 52-62 MPa m 1/2 
for specimens with hardnesses in the 
range 45-50 Rockwell C. Values of v c 
and n were obtained by fitting a curve of 
the form of Equation 5 to the experimen- 
tal data of Dally (Ref. 13) and Rosakis 
(Ref. 14). In both cases, a good fit was ob- 
tained with v c = 1250 m/s and n = 1.75. 
These values are used in the following 
simulation, with KIM = 52 MPa m 1/2 and 
Kio = 61 MPa m 1/2 from Dally (Ref. 13). 

Table 1 - -  Arrest Fracture Toughness for 
4340 Steel with Different Hardness 

KiM Hardness 
(MPa m w2) (HRC) 

Dally [1979] 52 46 
Rosakis, et al. [1984] =56 45 
Zehnder, etaL [1990] 62 50 
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Crack  Propagat ion U n d e r  U n i f o r m  
Remote  Stresses 

We first consider the simple case of a 
central through crack in a plate subjected 
to a uniformly distributed remote stress. 
This can be considered as the limiting 
case in which c -~ ~ (see Equation 7), for 
which Equation 17 reduces to 

1 da 
1'- C~- d~- {I = 

1 da Lvc dt J j 
~J1 Cd dt 

I "---~--~ [ ~/a---a- ° , (21 ) 

L r'!o J nba 

Figure 6A shows the relationship be- 
tween the normalized crack speed v/C R 
and normalized crack length a/a o. The 
difference between the fracture tough- 
ness for initiation Kio and for arrest KIM 
has been neglected in Curve 1, whi le 
KIM/Kjo is taken as 52/61 in Curve 2. As 
can be seen in both curves, the crack 
speeds rise rapidly in the beginning, and 

then level off without exceeding the 
limiting crack speed v c = 1250 m/s = 
0.388C R. The detailed behavior in the 
initial stages of crack propagation, Fig. 
6B, shows that the crack growth starts 
from zero crack speed in Curve 1, while 
there is a jump in crack speed of magni- 
tude about 0.1C R in Curve 2 due to the 
departure of KIM from Kio as predicted by 
Equation 19. 

The propagation speeds for cracks 
with different bluntness parameters are 
depicted in Fig. 7A, where KIM/KIo is 
again taken as 52/61. The detailed initial 
behavior is illustrated in Fig. 7B. Curve 1 
represents the behavior of a sharp crack 
starter, whi le Curves 2 and 3 are for 
bluntness parameters 1.5 and 2, respec- 
tively. The jump in crack speed as pre- 
dicted by Equation 19 is evident in each 
case. The shape of these curves and the 
characteristic of speed jump are similar 
to the experimental curves shown by 
Dulaney and Brace (Ref. 3), where the 
material used was polymethyl methacry- 
late with a sawed slit in a large specimen 
of dimensions 200 x 63 x 0.64 cm. Equa- 
tion 19 shows that the speed jump is due 

to both bluntness and the departure of 
KIM from Kio. Thus it occurs even for a 
sharp crack starter (n b = 1) as shown in 
Curve 1. The speed jump increases with 
an increase of bluntness parameter due 
to the higher strain energy stored before 
the onset of crack growth. The magni- 
tudes of these jumps are 0.16C R for n b = 
1.5 and 0.19C R for n b = 2. 

Crack  Propagat ion under  
N o n u n i f o r m  Residual Stresses 

We now consider the case of cracking 
due to the nonuniform residual stress of 
Equation 7. Figures 8-14 show numeri- 
cal results obtained from the above pro- 
cedure, the half-width, c, of the tension 
zone being 22.5 mm, and Kzo/Kio = 
52/61. 

Figures 8-10 show the crack propaga- 
tion behavior for four cracks of the same 
initial half-length, 2.5 mm, but of differ- 
ent bluntness parameters. In each figure, 
Curve 1 represents the results for an ini- 
tially sharp crack with bluntness n b = 1, 
while those for blunt crack tips are shown 
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Fig. 6 - -  Relationship between normalized crack speed and normal- 
ized crack length for a 4340 steel plate containing an initially sharp 
(n b = I) central through crack subjected to a uniformly distributed 
remote stress. A - -  Overview; B - -  detailed behavior in the initial 
stages. 

Fig. 7 - -  Relationship between normalized crack speed and normal- 
ized crack length for a 4340 steel plate containing a central through 
crack with different initial bluntness parameters subjected to a uniform- 
ly distributed remote stress (KI/v/ KIo = 52/61) .  A - -  Overview; B - -  
detailed behavior in the initial stages. 
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Fig. 8 - -  Instantaneous crack length as a function of  time for cracks, 
with the same initial crack length but different bluntness parameters, 
subjected to a nonuniformly distributed residual stress in a 4340 steel 
plate (dashed line shows c = 22.5 mm). 

Fig. 9 - -  Crack speed behavior as a function of time for cracks, with 
the same initial crack length but different bluntness parameters, sub- 
jected to a nonuniformly distributed residual stress in a 4340 steel plate 
(c = 22.5 mm). 

in Curves 2 (nb = 1.5), 3 (nb = 2), and 4 
(nb = 5). 

As can be seen in Fig. 8, the crack 
length increases with time and then stops 
at a certain final length, with af = 28.6, 
30.4, 31.5, and 34.3 mm for n b = 1, 1.5, 
2, and 5, respectively. A blunter crack 
stops sooner than a sharper one, but its 
final crack length is longer. Thus, al- 
though a blunt crack is safer than a sharp 
one from the point view of critical stress 
for crack initiation, it wi l l  propagate far- 
ther once the critical stress is reached. It 
also follows that an init ial ly blunt crack 
propagates faster than a sharp one, as is 
also evident from the slopes of the curves 
in Fig. 8. The duration of crack propaga- 
tion is shorter for a blunt crack. 

Figure 9 shows the crack speed as a 
function of time for cracks with different 
bluntness parameters. The jump in crack 
speed at the onset of crack growth is ev- 
ident in each curve. They are 301 m/s 
(nb = 1), 509 m/s (nb = 1.5), 619 m/s (nb 
= 2), and 858 m/s (nb = 5). After this jump, 
the crack speed increases until it reaches 
peak. It is then followed by a decelera- 
tion due to the decreasing residual stress 
farther from the weld centerline. As ex- 
pected, the maximum crack speed is 
higher for a blunter crack because of the 
higher stress intensity factor required to 
initiate the crack propagation, resulting 
in higher strain energy stored in the spec- 
imen prior to crack growth. From these 

curves, it can be concluded that the vari- 
ation of crack speed during propagation 
is smoother for a sharper crack, while a 
blunter one starts with a substantial jump 
in crack speed and is arrested in a more 
abrupt manner. 

Figure 10 shows the corresponding 
dynamic stress intensity factor K I as a 
function of time. The stress intensity fac- 
tors required for crack initiation, which 
are equal to Klo', are different for cracks 
with different bluntness parameters (see 
Equation 12). Once the crack starts grow- 
ing, the stress intensity factor drops from 
the value of Kio' at time t = 0- to a lower 
value at t = 0 ÷. This follows from Equa- 
tion 3, which shows that Kl(ao,V) < 
Kl(ao,0) and hence that the stress intensity 
factor must fall if v o ~= 0 - -  i.e., if with a 
nonzero init ial speed. Afterward, the 
dynamic stress intensity factor increases 
due to the increase of crack length, fol- 
lowed by a decrease due to the diminu- 
tion of the welding residual stress with 
position away from the weld centerline. 
Thus, there exists a peak in each curve. 
Eventually, the crack is arrested as K I 
reaches the arrest fracture toughness KIM 
as indicated by the lowest dashed line in 
Fig. 10. Like crack speed behavior, the 
variation of dynamic stress intensity fac- 
tor is smoother for a sharper crack. 

Figures 11-14 demonstrate the effects 
of initial crack length on crack growth be- 
havior. Equation 15 shows that shorter 

cracks require a larger value of residual 
stress (~o for initiation. However, once 
crack propagation starts, it progresses far- 
ther for init ial ly short cracks than for long 
ones (Fig. 11 ), which shows the evolution 
of the crack length in time for init ial ly 
sharp cracks of various lengths. In Fig. 12, 
the final crack half-length af is shown as 
a function of the initial half length a o. In 
this figure we also include results for an 
in i t ia l ly  blunt crack with n b = 2. The 
value of af can never exceed 40 mm, 
beyond which f(a/c) < 0 and thus Kj(a,v) 
< 0 from Equations 10, 11 and 3. It is also 
evident in Curves 1-3 of Fig. 11 that the 
duration of crack propagation is longer 
for a crack with a longer initial length. 
However, this trend becomes reversed 
if the init ial crack length is very long 
(Curves 4-6). As a result, the largest dura- 
tion of crack propagation occurs in 
Curve 4. 

From Fig. 13, it is evident that both av- 
erage and peak crack speeds are higher 
for a crack with a shorter initial length. In 
this aspect, a shorter initial crack has an 
effect similar to a blunter one on crack- 
speed behavior. However, in contrast to 
Fig. 9, the initial crack speeds are identi- 
cal for cracks with different initial sizes. 
This is consistent with the conclusion 
from Equation 18 that the initial crack 
speed depends on the bluntness parame- 
ter but is independent of initial crack 
length. In addition, it is observed that 
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Fig. 10 - -  The variation of  dynamic stress intensity factor as a function 
of  time for cracks, with the same init ial crack length but different blunt- 
ness parameters, subjected to a nonuniformly distributed residual stress 
in a 4340 steel plate (c = 22.5 mm). 

Fig. 11 - -  Instantaneous crack length as a function of  time for sharp 
cracks with different init ial crack lengths subjected to a nonuniformly 
distributed residual stress in a 4340 steel plate 'dashed l ine shows c = 
22.5 mm). 
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Fig. 13 - -  Crack speed behavior as a function of  time for sharp cracks 
with different init ial crack lengths subjected to a nonuniformly dis- 
tributed residual stress in a 4340 steel plate (c = 22.5 mm). 
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after crack initiation, the crack speed for 
a long initial crack increases more slowly 
than that for a short one, and the crack 
speed decreases monotonically in 
Curves 5 and 6. Hence, the initial crack 
length has a significant effect on crack 
acceleration, while the bluntness param- 
eter does not, as shown in Fig. 9. 

Figure 14 illustrates the effect of initial 
crack length on the variation of dynamic 
stress intensity factor with time. Because 
these cracks are all sharp (n b = 1), they 
have the same value of initiation fracture 
toughness with Kio' = Kio = 61 MPa m I/2 
and, as explained above, propagation 
starts in each case with the same initial 
speed v o. It follows from Equations 13 
and 3 that the initial value of Kl(ao,vo) is 
independent of a o. Comparing the peaks 
of the curves in Fig. 14, we note that the 
peak in Curve 1 is much higher than that 
in Curve 4, while there are no peaks for 
Curves 5 and 6. This is because of the 
high stress level required to extend a 
small initial crack. Finally, from the re- 
sults in Figs. 11-14, we can conclude 
that a longer initial crack propagates 
more smoothly than a short one under 
the welding residual stress field. 

In general, the crack starts to grow 
when the increasing residual stress, due 
to contraction after welding, reaches the 
critical value for crack initiation. Some- 
times, even though the residual stress 
has been fully developed (i.e., no more 
contraction in the weld occurs), the 
stress is still insufficient to drive the 
crack. However, after many hours or 
many days, delayed cracking may occur 
due to hydrogen degradation, which has 
the effect of reducing the fracture tough- 
ness, while the residual stress remains 
unchanged. This phenomenon is quite 
common in hydrogen-embrittlement- 
susceptible materials like AISI 4340 
steel. In this case, we can still use Equa- 
tion 1 7 to simulate crack propagation if 
the values of Kjo and KIM for the de- 
graded material are known. 

As to the assumption of isotropy and 
homogeneity, we note that the phases 
in the heat-affected zone and the base 
metal in the weldment might be different, 
and thus the material properties and 
hence KiM, Kio, and wave speeds might 
vary with location and direction. Fortu- 
nately, the wave speeds are not very sen- 
sitive to microstructure or even to carbon 
content over a range of steels. However, 
the microstructure might have significant 
influences on KIM and Kio. To obtain more 
accurate results, the investigation of KIM 
and Kio as functions of microstructures is 
necessary in the future research. 

This model is valid for a crack far from 
both ends of the weld. If that is not the 
case, the magnitude of residual stress will 
decrease due to redistribution of the 
stress when the crack extends. We could 
expect that the crack will stop sooner at 
a shorter final crack length, and that it is, 
thus, less critical in a weldment. 

Conclusions 

A fully dynamic approach has been 
used in the derivation of the crack-tip 
equation of motion in a weldment sub- 
jected to a nonuniform residual stress 
by employing the concepts of dynamic 
stress intensity factor and dynamic frac- 
ture toughness. The effects of crack speed, 
bluntness parameter, and the departure of 
arrest toughness from initiation toughness 
have been considered in the derivation. 

A numerical analysis for a uniformly 
distributed stress was first performed. The 
results showed that both bluntness and 
the departure of KIM from Kio cause a 
jump in crack speed at the onset of crack 
growth, and the speed jump increases 
with the increase of these two effects. 
Numerical analysis also confirms that 
sharp cracks generally start from zero 
crack speed without a jump if there is no 
difference between KIM and Kjo, followed 
by a sharp rise in the initial stages, and 

then level off to a constant crack speed. 
The numerical simulation of the crack 

growth in the weldment under non- 
uniformly distributed welding residual 
stress has shown that there is a positive 
jump in crack speed and a negative jump 
in stress intensity factor at the onset of 
crack growth. Both dynamic stress inten- 
sity factor and crack speed subsequently 
increase, followed by decreases due to 
the reduction in the longitudinal residual 
stress. In general, a crack with a larger 
bluntness parameter or shorter initial 
crack length reaches a longer crack ex- 
tension, a higher peak crack speed, and 
a higher dynamic stress intensity factor, 
while stopping in a shorter time. The ini- 
tial crack speed and initial dynamic stress 
intensity factor increase with the increase 
of bluntness parameter, while they are in- 
dependent of initial crack length. 

The results can be used to provide in- 
formation about crack propagation be- 
havior as a source function in the study 
of acoustic emission due to crack growth. 
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