
Toward a Unified Model to Prevent Humping 
Defects in Gas Tungsten Arc Welding 

The model can be used to help prevent humping when the effects of arc current, 
welding speed, shielding gas, electrode geometry, ambient pressure, torch angle, 

and external magnetic field are considered 

BY A. KUMAR AND T. DEBROY 

ABSTRACT. During gas tungsten arc 
(GTA) welding, high welding speed and 
current can lead to a serious weld defect 
with a bead-like appearance known as 
humping. Currently, there is no unified 
model to predict the formation of hump
ing defects in GTA welding. Here we 
propose and test a new comprehensive 
computational model that can predict 
and prevent the formation of humping 
defects considering the values of arc cur
rent, welding speed, nature of the shield
ing gas, electrode geometry, ambient 
pressure, torch angle, and external mag
netic field during gas tungsten arc (GTA) 
welding. The model considers stability of 
the waves on the weld pool surface due 
to relative motion between the shielding 
gas and the liquid metal based on the 
Kelvin-Helmholtz instability theory. The 
main factors for the instability were 
found to be the velocities of the shielding 
gas and the weld metal, densities of the 
molten metal and shielding gas, weld 
pool size, and surface tension of the 
molten weld metal. The weld pool size 
and weld metal velocities were calculated 
by a numerical heat transfer and fluid 
flow model, and the shielding gas velocity 
was calculated from an analytical rela
tion. Good agreement between the 
model predictions of humping and the 
independent experimental results from 
various sources show that the model can 
be used to prevent humping considering 
the effects of arc current, welding speed, 
nature of the shielding gas, electrode 
geometry, ambient pressure, torch angle, 
and external magnetic field during GTA 
welding. Recommendations are provided 
for the use of special electrodes and an 
external magnetic field and, where prac
tical, controlled pressure and careful se
lection of shielding gas to prevent hump
ing under conditions when high welding 
speed and current are needed to sustain 
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productivity goals. 

Introduction 

Productivity enhancement in the man
ufacturing of fabricated parts is often 
achieved by increasing welding speed and 
power. During arc welding, a continuous 
increase in the welding speed and cur
rent often results in a weld defect with 
bead-like appearance known as humping 
(Refs. 1-9). Various experimental investi
gations have been undertaken to under
stand and prevent humping. In addition, 
several theoretical models were proposed 
based on capillary instability (Refs. 1, 6), 
force balance, and scaling analysis (Refs. 
7-9). The previous work on humping can 
be classified into three groups. First, ef
forts have been made to experimentally 
determine the onset of humping (Refs. 2, 
3) during gas tungsten arc welding 
(GTAW). These results have provided an 
improved understanding of the effects of 
various variables on humping. Second, 
some of the previous modeling work 
(Refs. 1, 6) used Rayleigh's theory of in
stability of liquid metal cylinders to un
derstand humping during welding. These 
efforts ignored important physical 
processes in welding and, therefore, the 
results are preliminary. Finally, force bal
ance (Refs. 7-9) and nondimensional 
scaling analysis (Refs. 8, 9) were used to 
calculate conditions for humping. The 
nondimensional parameter-based calcu
lations are accurate only within an order 
of magnitude. They are not designed to 
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explain the effects of all important weld
ing variables and cannot precisely calcu
late the onset of humping. No compre
hensive unified theoretical model exists 
today that can predict the formation of 
humping defects considering the effects 
of important welding variables such as 
the arc current, voltage, welding speed, 
nature of the shielding gas, electrode 
geometry, torch angle, and ambient 
pressure. 

During GTA welding, a surface wave 
forms owing to the flow of shielding gas 
on the weld pool surface driven by a bal
ance between molten metal's inertia, sur
face tension, and gravity forces (Refs. 
10-12). The elevation and the velocity of 
the wave depend on various parameters 
such as the surface tension of liquid 
metal, densities of liquid metal and 
shielding gas, weld pool size, and the rel
ative velocity between the shielding gas 
and the liquid metal. Any phenomeno-
logical model for understanding humping 
must take into account the effects of all 
the welding variables on the stability of 
the surface waves. An unstable surface 
wave can carry packets of liquid metals 
toward the solidifying region of the weld 
pool and contribute to humping. 

Here we develop and extensively test 
a comprehensive mathematical model to 
quantitatively understand the welding 
conditions that result in humping defects. 
The model is based on Kelvin-Helmholtz 
hydrodynamic instability (Refs. 10-12) of 
waves on the surface of the weld pool. 
The model predicts humping when the 
elevation of the surface wave increases 
with time. Since the original Kelvin-
Helmholtz model uses semi-infinite 
thickness of both the layers, a modified 
version is used here to take into account 
the finite depths of weld pools and spe
cific thicknesses of the shielding gas layer 
depending on welding conditions. The 
velocity of the surface wave was deter
mined by solving the potential flow equa
tions with appropriate boundary condi
tions. The model indicates that the 
velocity of the surface wave is affected by 
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Fig. / — The waves generated at the interface of shielding gas layer and 
liquid metal in the weld pool due to shear across the interface. 
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Fig. 2 — Segment of a free surface under the action of surface tension. 

5 

4 

^ 3 
CM 

-" 2 

* 0 ° 1 
T -2 
m 
— -3 -4 

• 5 « 

x107 

-

L_ 

-

) 

V r « ™ u i » « j n M n n i . 

\ No gravity 
\ No surface tension 

\ 
\ \ 

\ \ 

I I - J v 

10 20 30 
Length of weld pool (mm) 

4 0 

•o 5 

* 4 

5: 
£. 0 
o-1 

3 
Si -4 m 

t > 6 

- • "a 
- ~ a - ~ PQ 

Q L P 

, 

•j 

-jr 

_ j i i _ 

U„(m/s)100 150 200 250 300 V 

PJkS/m'If l 0.03 h.(mm) 5 

Lp(mm) 5 10 15 20 25 30 U,(m/s) 0.5 2.5 4.5 6.5 8.5 10.5 

Y|N/m) 1 1.5 2 2.5 

Plkgfnt*) 6700 7200 7700 

Fig. 3 — Effects of gravity and surface tension forces on the (B2-4AC) 
term calculated by using Equations 16B-D and 17. The negative value of 
(B2-4AC) term signifies the instability of surface wave or the initiation of 
humping in the weld pool. Values of different variables used in the calcu
lation are: ht = 1.5 mm, hg = 7.5 mm, U/ = 0.7mis, Vg = 210.0 mis, p/ 
= 7200 kg/m3, pg = 0.018 kg/m3, and y = 1.8 N/m. These values are se
lected because they represent the same order of the values in GTA weld
ing with Ar shielding gas at 300 A, 11 mmls welding speed, and arc 
length =2.4 mm. 

Fig. 4 —A — Sensitivity of U„ p ? and L on (B2-4AC) term given by 
Equations 16A-D; B — sensitivity ofh^ hj, U/, y, and p/ on (B2-4AC) 
term. The negative value of (B2-4A C) term signifies the instability of 
the surface wave or the initiation of humping in the weld pool. 

the surface tension of the liquid metal, 
densities of liquid metal and shielding 
gas, weld pool size, and the velocities of 
plasma and liquid metal on the weld pool 
surface. The weld pool size and liquid 
metal velocity were calculated by solving 
the equations of conservation of mass, 
momentum, and energy in three dimen
sions with appropriate boundary condi
tions (Refs. 13-21). The shielding gas ve
locity was calculated from an analytical 
relation of jet flow over a flat surface 
(Ref. 22). The computed results indicate 
how the values of arc current, welding 
speed, electrode tip angle, electrode 
type, nature of the shielding gas, ambient 
pressure, inclination of the torch, and the 

external magnetic field affect humping 
formation in GTA steel welds. The com
puted welding conditions for the forma
tion of humping were compared with the 
corresponding independent experimental 
results available in the literature for vari
ous GTA welding conditions. Recom
mendations are made to prevent hump
ing under difficult conditions when high 
welding speed and current are needed to 
sustain productivity goals. 

Background 

Several researchers have proposed 
theories to predict humping. Based on 
the experiments on gas metal arc welding 

(GMAW) of plain carbon steel in spray 
mode, Bradstreet (Ref. 1) suggested that 
humping occurs due to capillary instabil
ity. He applied Rayleigh's theory of insta
bility of a free liquid cylinder and sug
gested the following expression: 

L,. = 2nR (I) 

where Lc is the critical length of the weld 
pool and R is the radius of the cylindrical 
liquid metal that was claimed to repre
sent the weld pool width. He suggested 
that when the length of the weld pool ex
ceeds this critical length, Lc, humping oc
curs due to breakage of the cylindrical 
liquid metal and its premature solidifica-
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Fig. 5 — The variation of critical welding speed with arc current for argon 
and helium as shielding gases. The welding conditions used in the calcu
lation are 2.4-mm arc length, 90-deg electrode tip angle, 3.2-mm-thick 
tungsten electrode, and the 1-atm ambient pressure. The welding speed 
higher than the critical speed will produce humping. 
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Fig. 6 — The effect of the electrode tip angle on humping. The welding 
conditions used in the calculations are 2.4-mm arc length, 3.2-mm-diam-
eter tungsten electrode, argon shielding gas, and 1-atm. ambient pressure. 
The results show that the electrodes with smaller tip angle produce hump
ing at a lower welding speed than those with larger tip angles. 

Table 1 — Data Used for the Calculation of Weld Pool Geometry and the Velocity of the Liquid 
Metal by Three Dimensional Heat Transfer and Fluid Flow Model 

Liquidus temperature (K) 
Solidus temperature (K) 
Density of liquid metal (kg nr') 
Viscosity of liquid (kg m's 1 ) 
Thermal conductivity of solid (J m-'s-'K1) 
Thermal conductivity of liquid (J m-'s-'K-1) 
Specific heat of the solid (J kg 'K1) 
Specific heat of the liquid (J kg'K1) 
Latent heat of melting (J kg-1) 
Temperature coefficient of surface tension (N m ' K ' ) 

1802 
1779 
7.87 x HP 
6.3 x LCH 
36.4 
36.4 
754 
805 
2.7 X 105 

-0.47 X 10-3 

Table 2 — Constants for Arc 1 
26) 

Arc length (mm) 
1.0 
2.0 
8.0 
16.0 

^hara< 

A 
7.2 
6.7 
10.0 
14.0 

B 
0.007 
0.010 
0.015 
0.007 

c 
170 
175 
160 
160 

tion. Savage et al. (Ref. 2) experimentally 
determined the range of critical welding 
speed for humping in GTA welding for 
various welding condi t ions. Yamamoto 
and Shimada (Ref. 3) studied low-
pressure GTA and suggested that the 
onset of humping was related to a transi
tion in which the weld pool turns into a 
thin film under the arc and the metal ve
locity in the film exceeds a critical value 
depending on the thickness of the liquid 

film. Beck et al. (Ref. 4) used a two-
dimensional finite element model for cal
culating fluid flow in the mol ten pool 
during laser beam welding neglecting 
thermocapillary effects and observed that 
at high travel speeds, humping results 
from a jet c rea ted behind the keyhole. 
Mills and Kccnc (Ref. 5) proposed that 
humping was caused by Marangoni con
vection. In contrast, Gratzke et al. (Ref. 
6) concluded that humping cannot be ex

plained from Marangoni convection. 
They (Ref. 6) modified the model pro
posed by Bradstreet (Ref. 1) and calcu
lated instability of a liquid cylinder based 
on Rayleigh's instability theory. T h e 
onset of humping was found to be influ
enced by the change in potential energy 
(due to capillarity) of a partially bounded 
liquid cylinder. The width of the weld 
pool was represented by the diameter of 
the cylinder and the weld pool length was 
taken as the length of the liquid cylinder. 

Lc > 2nRB(%) (2A) 

-0.5 

(2B) 

Equation 2A differs from Equation 1 by 
a function B(<J>0). In Equa t ion 2A, <J>0 

represents the half angle between the 
axis of the cylinder and the contact loca
tion of the cylinder with the workpiecc 
(Ref. 6). Based on the shapes of typical 
arc and laser weld pools, Gratzke et al. 
(Ref. 6) suggested values of B as 1.5 and 
2 for arc and laser beam welding, respec
tively. Thus , for arc welding, Equat ion 
2A can be simplified to the following: 

f > 

A*-**)J 

2) 

) 

I. 

(_ 
R 

Weld pool length 
>3K (3) 

Weld pool width 

Apart from the simplification of the weld 
pool geometry, the gravitat ional and 
shear forces are ignored in Equations 1 
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Fig. 7— The effect of the hollow and solid electrodes on the critical weld
ing speed to initiate humping. The welding conditions used in the calcula
tion are 2.4-mm arc length, 90-deg electrode tip angle, argon shielding gas, 
and 1-atm. ambient pressure. The results show that solid electrodes pro
duce humping at lower welding speeds than hollow electrodes. 

Fig. 8 — The effect of the externally applied transverse magnetic field on 
arc deflection based on Fleming's left-hand rule. The arc is deflected in 
the welding direction when the north pole is on the left side of the moving 
electrode. If the north and south poles are interchanged, the arc will be 
deflected in the reverse direction. 

and 3, and they cannot predict the condi
tions for the initiation of humping. 

Yamauchi and Taka (Ref. 7) com
pared the arc and the metallostatic pres
sures at the tail of the weld pool to ex
plain humping. Mendez and Eagar (Ref. 
8) and Mendez ct al. (Ref. 9) explained 
the periodic nature of humping by find
ing the location of the transition line be
tween the arc gouge and the trailing re
gion based on pressure ba lance . Thei r 
model was based on scaling laws, and 
they predicted humping at high arc cur
rents (Refs. 8, 9). 

Mathematical Model 

Humping Model Based on Kelvin-
Helmholtz Hydrodynamic Instability 

The following simplifying assumptions 
were made. 

a) The mot ion of the surface waves 
along the direction of welding is consid
ered in the model. 

b) The liquid is assumed to be incom
pressible and inviscous for the calcula
tion of the surface wave velocity for 
simplicity. 

c) The shielding gas flow is assumed 
to be steady and specified by a constant 
horizontal velocity. 

On the weld pool surface, the wave 
propagation is represented by the follow
ing wave equation: 

Table 3 — Effect of Various Welding Variables on the Parameters Required to Predict the 
Humping Defects 

Welding variable 
Arc current 

Arc length 

Nature of the shielding gas 

Nozzle to workpiece distance 
Electrode lip angle 

Ambient pressure 

Electrode inclination angle 

Parameters affected 
Depth of weld pool, velocity of liquid metal, length 
of the pool, surface tension of the liquid metal, 
velocity of arc plasma 
Depth of weld pool, velocity of liquid metal, length 
of the pool, surface tension of the liquid metal, 
velocity of arc plasma, height of shielding gas layer 
Depth of weld pool, velocity of liquid metal, length 
of the pool, surface tension of the liquid metal, 
velocity of arc plasma, density of the gas 
Height of shielding gas layer 
Depth of weld pool, velocity of liquid metal, length 
of the pool, surface tension of the liquid metal, 
velocity of arc plasma 
Depth of weld pool, velocity of liquid metal, length 
of the pool, surface tension of the liquid metal, 
velocity of arc plasma 
Depth of weld pool, velocity of liquid metal, length 
of the pool, surface tension of the liquid metal, 
velocity of arc plasma 

Table 4 — Values of Effective Arc Radius, rt, for Current Density Distribution, and Effective Arc 
Radius for Heat Flux Distribution, r„, in mm for Different Welding Conditions (Refs. 25, 27, 
31-35) Used in the Heat Transfer and Fluid Flow Calculations and Arc Velocity Calculation 
(Ref. 22). The Variables I and la in the Table Represent Arc Current (A) and Arc Length (mm), 
Respectively 

Argon shielding gas, I aim. pressure, 90-dcg electrode tip angle 

Argon shielding gas, 1 atm. pressure, 18-dcg electrode tip angle 

d T|_ 1 d T] 

ax2 
dtl 

(4) 

rj= 1.085 xl"-2S'>2 

rq=7.543xP-26« l;,"--'-14 

rj= 1.017 x I ' M 
rq=6.786xI°-2M5 L„O-MH 

Argon shielding gas. 32 mm Hg pressure, 25-deg electrode tip angle ^=10.67 x [0-2892 
rq=7.466 x I°-2«5 1,»«>4 

Helium shielding gas. 1 atm. pressure, 90-deg electrode tip angle r-= 1.391 x I»-2892 

r„=9.666 x I0-2645 L0-3214 
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Fig. 9 — The effect of the externally applied transverse magnetic field on 
the critical welding speed to initiate humping in the weld. The welding 
conditions used in the calculation are 2.4-mm arc length, 90-deg electrode 
tip angle, argon shielding gas, and 1-atm. ambient pressure. The results 
show that the critical welding speed increases with the increase in exter
nally applied transverse magnetic field. 
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Fig. 10 — The variation of critical welding speed with externally applied trans
verse magnetic field for different arc lengths. The welding conditions used in 
the calculation are 300-A arc current, 90-deg electrode tip angle, argon shield
ing gas, and the I-atm. ambient pressure. The results show that the critical 
welding speed increases with the increase in externally applied transverse mag
netic field and the arc length. 

where n is local elevation that depends 
on position along the welding direction. 
x, and time, t, and c is the velocity of the 
wave opposite to the welding direction x. 
Equation 4 represents the motion of the 
wave on the weld pool surface in the x di
rection since it is assumed that the wave 
is traveling along the welding direction, 
and there is no significant motion in the 
y direction. This assumption is made 

based on the fact that humping defects 
appear mainly along the welding direc
tion. The general solution of Equation 4 
is given by the following expression (Ref. 
10): 

n = aeik(*<t) (5) 
where a is the amplitude and k is the 
wave number. The wave speed, c, can be 
expressed in general form as follows: 

Table 5 — Properties of Shielding Gas (Refs. 22, 25, 33, 35) Required for Arc Velocity 
Calculation Using the Expression Proposed by chang Et Al. (Ref. 22) 

At 1 atmospheric pressure 
(i.e. 760 mm Hg pressure) 

At 32 mm Hg pressure 

Density of argon gas 
Viscosity of argon gas 
Cathode radius 
Density of helim gas 
Viscosity of helium gas 
Density of argon gas 
Viscosity of argon gas 
Cathode radius 

Table 6 — Welding Conditions of Mendez and Eagar (Ref. 8) 
Humping by the Proposed Model 

Arc current Welding speed 
(A) (mm/s) 
274 L1.6 
334 14.1 
500 10.6 
500 15.0 
500 10.6 
500 15.0 

Arc length Su 
(mm) 

7.3 
7.5 
9.4 
8.5 
9.2 
8.2 
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0.018 kg/m3 

2.32 x 1(H kg. m-i sec-' 
1.191 x 10-'m 
0.0018 kg/m3 

4.32 x 10-*kg-'sec-i 
0.0018 kg/m3 

1.90xl(Hkg. m-'sec-1 

1.19 x lO-'m 

Used for the Prediction of 

fur content Humping 
(ppm) 

6 
6 
6 
6 
230 
230 

No 
No 
No 
No 
Yes 
Yes 

a + /p (6) 

where a and fi are the real and the imagi
nary parts of the wave speed, respec
tively. After substituting the expression 
for c in Equation 5, we get the following: 

r|=ae'fcCH«+ipW = aeik(x-ut)ek$t (7) 

Equation 7 shows that if P is positive, the 
value of elevation, TJ, will increase with 
time and the interface between the liquid 
metal and shielding gas will become un
stable. It should be noted that r| cannot 
be determined from Equation 7 unless 
the values of a and p that characterize 
the wave velocity are known. In order to 
determine the stability of the surface 
wave, its velocity given by Equation 6 
needs to be calculated. The velocity of 
the wave depends on shape of the weld 
pool surface in the x-z plane and can be 
calculated by solving the velocity poten
tials in the gas and the liquid phases from 
the following two Laplace equations 
(Refs. 10-12): 

32cD 92cb 

- + -
dx~ dz' 

(8A) 
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Fig. II — The variation of critical welding speed with arc current at 
low pressure for vertical torch position. The welding conditions used in 
the calculation are 2.4-mm arc length, 25-deg electrode tip angle, 3.2-
mm-diameter tungsten electrode, argon shielding gas, and 32 mm of 
Hg ambient pressure. Higher values of critical welding speed were 
achieved at low ambient pressures. 

using the analytical ex
pressions as explained 
in the next section. The 
velocities of the liquid 
and gas at the surface 
depend on the location 
on the surface. The cal
culations were per
formed with maximum 
velocities on the weld 
pool surface to ensure 
consideration of the lo
cation most susceptible 
to humping. The second 
set of boundary condi
tions can be written by 
linking the velocity po
tentials with the local 
elevation position func
tion through the follow
ing expression (Refs. 
10-12): 

3 - * d1® 

dx1 dz1 
= 0 (8B) 

a 32 
V j 2=11 

'30 I 
K 

32 
V 1 

(10) 

--n 
where x is the direction opposite to the 
welding direction, z is the vertical direc
tion, and <t>i and 0 ? are the velocity po
tentials in the liquid metal and shielding 
gas, respectively. These velocity poten
tials (i.e., 0 , and 0„) are the functions of 
wave speed, c, and need to be calculated 
using appropriate boundary conditions. 
The welding torch position is selected as 
the origin of Cartesian coordinate system 
to simplify the solution of governing 
Laplace equations. It should be noted 
that we need four sets of boundary con
ditions in each layer to solve the velocity 
potentials defined by Equations 8A and 
B. The first set of boundary conditions 
can be written using the known velocities 
of the liquid metal (£/,) and shielding gas 
(£/„) as follows: 

(9A) 

u D 3 „ 3 
where — = — i l l — 

D dt dx 
t 

Equation 10 represents that the substan
tial derivative of the surface position 
function of the wave, r\, is equal to the 
normal velocity of the fluids at the inter
face since the fluid particles at the inter
face move with the surface wave. After 
expanding the 

30, 

32 

A 
and 

3 * 
g 

32 

3 * 
t_ 

dx 

30 
g_ 

dx 

= u, 
l 

= 11 
8 

using Taylor's theorem and neglecting 
the higher-order terms, the following ex
pressions are obtained for both the liquid 
and gas layers (Refs. 10-12): 

(9B) 

The liquid metal velocity, J7j, was calcu
lated from three-dimensional heat trans
fer and fluid flow calculations while the 
shielding gas velocity, U„ was calculated 

dt ' dx 

dt '? dx 

'3V 
dz 

v J 

30 
s 

dz 

(11 A) 

(11B) 

where z = 0 is the interface between the 
shielding gas layer and liquid metal as 
shown in Fig. 1. The first and second 
terms on the left-hand side in Equations 
1 1A and B represent the local rate of 
change of surface wave profile at a given 
point and convective term due to change 
in i"| as a result of flow of the fluids. The 
third set of boundary conditions is writ
ten based on the assumption made ear
lier that there is no net flow across the 
shielding gas and liquid metal layer along 
the vertical direction as follows: 

301 

dz 

3d> 

32 

= 0 (12A) 

= 0 (12B) 

z=h 

where A, is the depth of the weld pool, 
and h„ is the height of the shielding gas 
layer as shown in Fig. 1. The fourth and 
the final set of boundary conditions is 
written based on pressure and energy 
balance using the unsteady Bernoulli's 
theorem to keep the pressure continuous 
at the interface. These boundary condi
tions in each layer are (Refs. 10-12) as 
follows: 

^ ,+P , 
30, 

- +—•{ 

= constant 

' 3 0 ^ 

' 3 0 / 

32 
v ) 

+sn 

(13A) 

P +p 
g g 

30 

dt 2 

' 3 0 ^ 
g 

dx 

' 3 0 N 

£ 
32 

V J 

+ sn 

= constant (13B) 

where P| and p„ are the densities of liq
uid metal and shielding gas, respectively, 
P| and P are the pressures in lower liquid 
and upper gaseous layers, respectively, 
and g is the acceleration due to gravity. 
The first, second, third, and fourth terms 
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uid weld metal. Equa
tion 14 was obtained 
by balancing forces in 
a direction perpendic
ular to an arc segment 
PQ of the free surface 
as explained in Appen
dix A. The final ex
pressions of velocity 
potentials obtained 
after solving Equations 
8A and B using the 
boundary conditions 
given by Equations 
9-14 are the values of 
local elevation, T|, as a 
function of time, t. 
After subtracting 

Equation 13A from 
13B and substituting 
the values of velocity 
potentials, the follow
ing relation was ob
tained as derived in 
Appendix A: 

on the left-hand side of Equations 13A 
and B represent the pressure, unsteady 
velocity potential, kinetic energy, and po
tential energy terms, respectively (Ref. 
10). The effect of surface tension was cal
culated by considering a force balance on 
the free liquid pool surface as shown in 
Fig. 2. The pressure difference at the in
terface due to surface tension can be 
written as follows: 

kp^UrcykothQiik) 
+ kp(ug-cy-

coth(hlJ<)=yk1- + g(pl-pg) (15) 

Equation 15 provides the velocity of sur
face wave traveling opposite to the weld
ing direction (Refs. 10-12). The velocity 
of the traveling wave is given by 

prpry 
3!n 

dx2 
(14) 

._ - 5 + Vs 2 -44C . . . . . 
c = a + tp = (16A) 

24 

where A •• 
p cotliih k\ 

+p cothih k 

B = U< 
Up cothih k 

+U a cothih k\ 
8r8 \ g I 

c=yk +g[pl-pg 

-k 

(16B) 

(16C) 

UJP] coth[h{k) 

+U~p cothih k 
{ srg \ g 

(16D) 

A three-dimensional heat transfer and 
fluid flow model described in the next 
section was used to calculate the length, 
Lp, the depth, hh and the surface veloc
ity, £/|, of the weld pool. The wave num
ber, k, is 27i/L where L is the length scale 
that is taken as the length of the weld 
pool, L • 

2n_ 

L 
(17) 

where y is the surface tension of the liq-

Equation 16A shows that the velocity of 
the wave can be real or complex depend
ing on the value of term (B2 - 4AC). If 
this term is negative and, consequently, 
P is positive, the instability will grow in 
the weld pool because value of elevation, 
r), will increase with time as indicated in 
Equation 7. 

Three-Dimensional Heat Transfer and 
Fluid Flow Model 

The equa t ions of conservat ion of 
mass, momentum, and energy are solved 

DECEMBER 2006 



4 0 

•3T35 

p 30 

^ 2 5 
CD 

&20 
co 
13)15 
c 
2 10 
CD 

5 5 
0 
( 

A 
0° (Model) 

25° (Model) jo 
25° (Model) 

• 0° (Yamamoto et al.) j 
o 25° (Yamamoto et al.) i 
D -25° (Yamamoto etal.) \ 

\ \ o 
*\ ' 

n \ \ ° 
V \ 
\a \ \ o 
\ r, X * v D \ . 

• \ l 
v ^ • ^ ^ ^ _ 

) 200 400 600 
Arc current (A) 

-IK ° 
1 O 

"3T 
E 
E„ 
-=-10 
-a 
CD 
CD 
Q, 
(0 

O) c 
c 5 

• a 
CD 

5 

-
. 

)0 

\ 0° (Model) 
\ \ 25° (Model) 
\ V 25° (Model) 

\ \ s 

\ \ v 

\ \ N-
' \ v \ v 

\ x. v 
\ \ - v v . 

N ^ ^ ^ ^ 

S
 s ^~~ \ ^ 

I 1 I I 

200 300 400 500 600 
Arc current (A) 

Fig. 14 — The variation of critical welding speed with arc current for the initiation of humping defects in the weld for different torch angles at the following: A 
— Atmospheric pressure; B — at 32-mm Hg pressure. Higher values of critical welding speed were achieved when the welding torch was in the push configu
ration, i.e., when the arc strikes ahead of the torch axis. 

numerically in three-dimensional Carte
sian coordinate system (Refs. 13-21) to 
obtain the values of weld pool length, liq
uid metal velocity, and the peak temper
ature. Two-dimensional calculations of 
heat transfer and fluid flow can also be 
performed to calculate the values of 
these variables. The governing equations 
and the boundary conditions used to cal
culate the temperature and velocity pro
files and the weld pool geometry are ex
plained in Appendix B. The governing 
equations are discrctized using the con
trol volume approach based on the 
power law scheme (Ref. 23). At each 
time step, the discretized equations are 
solved using the widely used SIMPLE al
gorithm (Ref. 23). Fine, nonuniform 
grids with finer grid spacing near the 
heat source were used to achieve high 
computational accuracy. A typical grid 
system contained 101 x 61 x 41 grid 
points in a 8-cm long, 5-cm wide, and 2-
cm deep computational domain. The 
minimum grid spacing along the x, y, and 
z directions were about 200, 200, and 125 
|am, respectively. 

The surface tension of the molten 
steel (y) in the weld pool was calculated 
by using the following expression (Ref. 
24): 

y = 1.943 - 4.3 x H H ( T - 1809) 
- 1 . 3 x 10-ZRT-ln 
[ 1+0.003 ISa/C.fifixiowRT)] (1 8 ) 

where T is the average of liquidus tem
perature and peak temperature of the 
liquid metal in the weld pool in K, R is 
the universal gas constant, and <7V is the 
activity of the sulfur in steel. The mater
ial properties used in the heat transfer 
and fluid flow calculations arc listed in 

Table 1. The liquid metal velocity, U\, is 
taken as the peak velocity present on the 
weld pool surface. The arc voltage (V) 
required for the calculation of input 
power at any current level for constant 
arc length was calculated by using the 
following volt-ampere characteristic 
expression: 

V=A +Bxl + C/I (19) 

where A, B, and C are the constants 
whose values are available in the litera
ture (Refs. 25, 26) and listed in Table 2. 

Average Velocity and Other Arc 
Parameters 

During GTA welding, the Lorentz 
force creates a pressure difference be
tween the anode (workpiece) and the 
cathode (electrode). Due to high current 
density near the electrode compared to 
the workpiece surface, the static pressure 
at the cathode was higher than the 
anode. This pressure difference produces 
a jet of plasma toward the anode. In 
GTAW, the arc pressure is caused by the 
momentum transfer of the impinging 
plasma jet on the weld pool and is a 
major factor in producing surface depres
sions and weld defects (Refs. 8, 9). The 
dependence of arc pressure (p„,r) on the 
arc velocity (Varc) could be expressed as 
follows (Refs. 25, 27): 

P = " P V2 (20) 
arc ^ g arc 

The arc velocity depends on the welding 
current, arc length, electrode shape, and 
the shielding gas composition, and was 
calculated using the expressions pro

posed by Chang et al. (Ref. 22). 
The current density distribution re

quired for the calculation of arc velocity 
was assumed to be Gaussian and could 
be described by the following function 
(Refs. 28, 29): 

t 3 / 
J = exp 

( \ 
3r 

2 

r. 
v ./ 

(21) 

where J is the current density, / is cur
rent, r is the radial distance from the arc 
location, and r,- is the effective radius of 
the arc. Using Equation 21, the maxi
mum and average current density could 
be written as (Refs. 25, 27) the following: 

/ 
31 

j --L-UA 
"'S n.2 3 \ /max 

.1 

(22) 

(23) 

Lin and Eagar (Ref. 27) suggested that 
current density is proportional to arc ve
locity based on the following relation: 

PS. 
H J r'. 

(24) 

where |i„ is the magnetic permeability of 
free space. Using Equations 22-24, we 
can write 

V 
\ cue 1^ 3 

V (25) 

where (Van.)max is the maximum value of 
arc velocity (i.e., at r = 0) along the arc 
axis. 

At high arc pressures, the weld pool 
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surface gets deformed and the distance 
between the electrode and the workpiecc 
increases (Ref. 30). Therefore, the fol
lowing expression of effective arc length 
(/<,«•) was used to calculate the maximum 
arc velocity (Ref. 8): 

lea = arc length + 0.5 x depth of weld 
pool = /„ + 0.5 x hi (26) 

Results and Discussion 

Sensitivity of Different Variables on 
Humping 

The effects of various welding vari
ables on the parameters that affect 
humping are listed in Table 3. It can be 
seen from this table that almost all of the 
welding variables affect the depth and 
length of the weld pool, liquid metal ve
locity in the weld pool, surface tension of 
the liquid metal, and the velocity of the 
arc jet. The values of these variables also 
affect the velocity of the surface wave 
given by Equation 15, which includes the 
effects of surface tension, shear force, 
pressure gradient, and gravity. 

Figure 3 shows the effects of ignoring 
either the gravity or the surface tension 
effect on the humping formation based 
on the value of (B2-4AC). The values of 
A, B, and C are calculated from Equa
tions 16B-D, and the data indicated in 
the caption of Fig. 3. If the effect of the 
gravity in the instability criteria given by 
is neglected, the (B2-4AC) term is posi
tive only for smaller weld pool length and 
the model will predict humping even for 
the safe welding conditions. The results 
indicate that the gravitational force has a 
significant stabilizing effect that cannot 
be ignored. On the other hand, if the sur
face tension effect is neglected, the weld 
pool is unstable under all welding condi
tions. So consideration of both the sur
face tension and gravity effects are nec
essary to accurately predict humping. 

Figure 4A, B shows the sensitivity of 
various variables such as U , p„, L,„ U/, h „ 
/(/. p,, and y, on the value of the 
(B2-4AC) term. Higher values of <7„, p„, 
and L_ decreases the value of (B2-4AC), 
making the weld pool more susceptible 
to humping due to higher drag force as 
shown in Fig. 4A. Figure 4B shows that 
the liquid weld metal with high surface 
tension (i.e., low percentage of sulfur and 
relatively lower temperature) is more sta
ble than a liquid metal with low surface 
tension. The increase in y enhances the 
resistive power of the liquid metal 
against the drag force. Furthermore, the 
prominent effect of increase of y on 
humping can be observed from the steep 
slope of (B2-4AC) vs. y plot in Fig. 4B. 
On the other hand, the increase in the 

values of /;„, hh U/, and p/ have a signifi
cantly mild effect on the value of the 
(B2-4AC) term as can be seen from the 
relatively low slopes of plots in Fig. 4B. 
The relatively mild effect of Ut on the 
value of the (B2-4AC) term justifies the 
use of the peak surface velocity in the 
calculations. 

Effect of Arc Current and Welding Speed 

The length of the weld pool and the 
arc velocity significantly affects humping. 
The effective arc radius used for the cal
culation of the depth and length of the 
weld pool from heat transfer and fluid 
flow calculations are listed in Table 4. 
The properties of shielding gas used for 
calculating the arc velocity are given in 
Table 5 for different welding conditions. 
For each combination of arc current and 
welding speed, values of Ut, U„, P/, p„, hh 

/*,„ L , and y were substituted in Equa
tion 16A to calculate the value of 
(B2-4AC). The calculated line in Fig. 5 
represents zero value of the (B2-4AC). 
The region above this line has a negative 
value of (B2-4AC): as a result, humping 
defects appear for those welding 
conditions. 

With the increase in arc current, both 
the temperature in the weld pool and the 
arc velocity increase. The high arc veloc
ity increases the viscous drag force on the 
weld pool surface and decreases the 
(B2-4AC) term. The higher current also 
increases the temperature in the weld 
pool, which decreases the surface tension 
of the liquid metal. Figure 5 shows that 
humping may occur due to decreased 
surface tension and increased drag force 
at high currents even at low welding 
speeds. 

When the current is kept constant, 
the depth of the weld pool decreases with 
the increase in the welding speed. The 
lower weld pool depth decreases the ef
fective arc length and increases the arc 
velocity. Thus, the higher welding veloc
ity increases the drag force and makes 
humping more likely as shown in Fig. 5. 
Calculations were done for the condi
tions similar to those chosen by Savage et 
al. (Ref. 2) in their experiments. In par
ticular, argon shielding gas, the elec-
trode-to-workpiece distance of 2.4 mm, 
electrode thickness of 3.2 mm, and vertex 
angle of 90 deg were considered. Hump
ing would occur if the welding speed is 
higher than the critical speed in Fig. 5 for 
the welding conditions considered as can 
be observed from both experimental data 
and the calculations. Table 6 also shows a 
good agreement in predicting humping 
for a different set of experiments con
ducted by Mendez et al. (Ref. 8). Good 
agreement between the calculated and 

the experimentally obtained critical 
speed limits (Refs. 2, 8) shows that the 
model can satisfactorily predict humping 
for a wide variety of welding conditions. 

Effect of Shielding Gas 

Since the nature of the shielding gas 
affects arc shape (Refs. 25, 27, 31, 32), it 
also influences the current density distri
bution. The arc shape influences the 
pressure difference between the cathode 
and the anode and, therefore, the arc 
pressure. According to Lin and Eagar 
(Ref. 27), the spread of the plasma or the 
effective current radius is proportional to 
n,2/p, where r| is the viscosity and p is the 
density of the gas. Since the density and 
viscosity of helium was about l/10th and 
twice, respectively, those of argon, at 
high temperatures (Refs. 27, 33), the he
lium arc is broader than that of argon. 
Savage et al. (Ref. 2) also reported that 
the argon arc was brighter and more 
cylindrical than the helium arc. The den
sity and viscosity of helium used in the 
calculations are listed in Table 5. 

The arc velocity is lower in He than in 
Ar due to the low density and high vis
cosity of helium. As a result, the drag 
force of He on the liquid metal is lower 
than that of Ar. The critical welding 
speed for humping was higher by a factor 
of 3 in helium than in argon for the same 
values of arc current and voltage as 
shown in Fig. 5. Comparisons of the re
sults for He and Ar show that in He 
humping does not occur at low arc cur
rents even at high welding speeds. Use of 
Ar makes welds more susceptible to 
humping. The computed critical welding 
speed for humping shows good agree
ment with the corresponding experimen
tal values reported in the literature (Ref. 
2). 

Effect of the Electrode Tip Angle 

Several researchers (Refs. 24, 26, 31, 
32, 34, 35) have shown that the electrode 
tip angle significantly affects arc behav
ior. Tsai and Eagar (Ref. 31) found that 
the arc radius increased by approxi
mately 15% when the current increased 
from 100 to 200 amps in Ar-plasma with 
a 75-deg tip angle and 5.5-mm arc length. 
Yamauchi and Taka (Ref. 32) have shown 
that the effect of electrode tip angle on 
arc pressure was more pronounced at 
high current levels. Lin and Eagar (Ref. 
27) observed that the arc pressure in
creased when electrodes with sharper tip 
angles were used. With an increase in arc 
pressure for sharper tip electrodes (e.g., 
18-deg tip), the peak current density and 
arc velocity also increases. As a result, 
the drag force on the liquid metal in
creases, which makes humping more 
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likely as shown in Fig. 6. The experimen
tal values of critical welding speed for 
humping reported by Savage et al. (Ref. 
2) and Yamamoto and Shimada (Ref. 3) 
for 18-, 25-, and 90-dcg electrode tip an
gles show a good agreement with the cor
responding computed values. Therefore, 
electrodes with a large tip angle can be 
used to achieve high welding speed and 
prevent humping. 

Effect of Electrode Shape 

Yamauchi and Taka (Ref. 32) showed 
that the use of hollow electrodes in place 
of solid electrodes reduced the arc force. 
They (Ref. 32) found that the arc root 
formed symmetrically inside the hole for 
a typical 5-mm-diameter tungsten elec
trode with a 3-mm central hole. They 
suggested that the average arc velocity 
reduced by about 15% compared to a 
solid electrode based on the measure
ment of arc force by Yamauchi and Taka 
(Ref. 32). The decrease in the arc veloc
ity reduced the drag force on the liquid 
metal and increased the computed criti
cal welding speed for humping by about 
50% as shown in Fig. 7. The computed 
results are consistent with the fact that 
the hollow electrodes reduce the arc 
pressure (Ref. 36) and, therefore, they 
may be used to achieve a high fabrication 
rate and prevent humping under welding 
conditions where humping may occur 
when solid electrodes are used. 

Effect of External Magnetic Field 

An external magnetic field applied 
transverse to the welding direction will 
deflect the arc due to electromagnetic 
force. Depending on the direction of the 
field, a transverse magnetic field will de
flect the arc either in the welding direc
tion or opposite to it (Refs. 25, 37, 38) as 
shown in Fig. 8. The deflection of the arc 
increases the effective arc length and arc 
radius. The increase in arc length de
creases the arc velocity and drag force on 
the weld pool surface. 

The extent of the arc deflection (8) 
depends linearly on the magnitude of the 
externally applied magnetic field and the 
effective arc length (len) as represented 
by the following equation (Refs. 24, 37, 
38): 

§ = K, Bx leff (27) 

where Kl is a constant and Bx is the ex
ternally applied magnetic field in Tesla. 
The value of constant, Kb was obtained 
to be 100.0 Tesla-1 by fitting the above 
equation with the experimental results 
reported in the literature (Ref. 37) for Ar 
shielding gas. However, the value of the 
constant, Kt, may vary with welding con
ditions like welding current, shielding gas 

composition, and the ambient pressure. 
The modified effective arc length (L«) 
could be calculated by using the value of 
arc deflection (8) as follows: 

aic laigh + 0.5 

v xtkptli of weld jxx>l t 
8^ + (28) 

The higher effective arc length de
creased the magnitude of the drag force 
created by the flow of the plasma on the 
liquid metal in the weld pool. The reduc
tion in drag force with increase in the 
magnitude of the external magnetic field 
reduced the chances of humping in the 
weld and increased the critical welding 
speed by 10-15% for magnetic field of 
0.003 Tesla as shown in Fig. 9. Further
more, the critical welding speed increases 
by more than 75% when the arc length 
increases from 2.4 to 3.0 mm as shown in 
Fig. 10. The computed results show that 
the longer arc length and an appropriate 
transverse external magnetic field during 
welding would provide a higher operat
ing welding speed without any humping. 

Effect of Ambient Pressure 

Higher ambient pressure increases 
the current density in the arc column 
(Refs. 3, 25, 39, 40). Matsunawa and 
Nishiguchi (Ref. 39) observed that the 
arc column becomes narrower and 
brighter at high pressures and more dif
fused and rounded at low pressures. Ya
mamoto and Shimada (Refs. 3, 40) ob
served that the arc pressure at 32-mm Hg 
reached about one-tenth of that at at
mospheric pressure. Based on these ob
servations, the effective arc radius for 
current and heat distribution at 32-mm 
Hg pressure were assumed to be 10% 
more than their values at the atmos
pheric pressure. The effective arc radius 
is required for both heat transfer and 
fluid flow calculations as well as the arc 
velocity estimation. The expressions used 
in the calculations of arc radius are pre
sented in Table 4, and the properties of 
shielding gas are given in Table 5. For 
each combination of arc current and 
welding speed, values of liquid metal ve
locity in the weld pool, £//, shielding gas 
velocity, U„, density of liquid metal, p/, 
density of shielding gas, p„ depth of weld 
pool, hi, shielding gas layer height, h„, 
length of weld pool, L and surface ten
sion of liquid metal, y, were substituted 
in Equations 16B-D to calculate the 
value of (B2-4AC). The calculated line in 
Fig. 11 represents zero value of the 
(B2^tAC). The region below this line has 
a positive value of (B2-4AC) and is free 
of humping defects. At 32 mm of Hg am
bient pressure, the shielding gas density 
is low, which leads to low drag force and 

welds free of humping as shown in Fig. 
11. A comparison of Figs. 4 and 11 shows 
that by reducing the ambient pressure, 
critical welding speed can be increased 
by more than 200%. The computed criti
cal welding speed for humping showed 
good agreement with the corresponding 
experimental values reported by Ya
mamoto and Shimada (Ref. 3) indicating 
accuracy of the model. 

Effect of Torch Angle 

To capture the effect of the torch 
angle (inclination) in the model, the ef
fective arc length was modified by assum
ing an asymmetric weld pool surface 
shown in Fig. 12A, B. Since the front of 
the weld pool is depressed significantly 
more than the trailing region (Ref. 41), 
the trailing region is assumed to make a 
45-dcg angle with the horizontal plane 
along the welding direction as shown in 
Fig. 12. Based on the above assumption, 
the effective arc length was calculated 
using the geometry of the system shown 
in Fig. 12A for different torch angles. For 
inclined torch practice, the torch can 
have two orientations, pull and push, as 
shown in Fig. 12. A drag or pull tech
nique provides more penetration and a 
narrower bead compared to a push tech
nique where the arc is directed ahead of 
the weld bead. For the push configura
tion, § > 0, and the effective arc length 
was calculated using the following 
expression: 

L,--
I + 0.5 x deptli of weld pod 

cay U) 

fa- 0 > 0 (29) 

The presence of cosine of the inclination 
angle in the denominator increases the 
arc length and the arc radius on the weld 
pool surface. With increase in arc radius, 
the peak heat intensity decreases, which 
leads to a wider and shallower pool. The 
effective arc length for the pull technique 
when the arc was directed behind the 
weld bead. i.e.. for <|) < 0, was calculated 
based on the geometry. The effective arc 
length for the pull technique (i.e., nega
tive <|>) shown in Fig. 12B was calculated 
from the following expression: 

/ 
/ 

ens (0 
0.5 

7t / 4 x dq)th of weld pool -I tan c|) 

.SY/7 U + 71/4 

/«•( )>< 0 (30) 

Figure 13 shows the variation of weld 
pool depth with torch inclination angle. 
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0. A reasonable agreement with the ex
perimental results for different torch an
gles (Ref. 42) suggested that the above 
expressions of effective arc length could 
be used in the model. The depth and 
length of the weld pool was larger during 
the pull technique compared to the push 
technique for similar welding conditions. 
The calculations were done using a 
three-dimensional heat transfer and fluid 
flow model with modification for the 
electromagnetic force calculation (Refs. 
28, 42) at different torch angles. This be
havior matched very well with the effect 
of inclination of torch observed experi
mentally (Ref. 41). Figure 14 shows that 
the critical welding speed for humping 
defects increases with inclination of arc 
ahead of weld bead, i.e., during the push 
technique. For a 25-deg inclination, the 
computed critical welding speed in
creased by about 60%. This behavior was 
due to the decrease in both arc velocity 
and arc pressure on the weld pool sur
face with increase in the effective arc 
length. The inclination of torch in the 
negative direction (i.e., in pull or drag 
technique) reduced the critical welding 
speed and generated humping even at a 
lower speed as shown in Fig. 14A. Re
cently, Nguyen et al. (Ref. 43) observed 
that the critical welding speed during gas 
metal arc welding in spray mode in
creases when the gun is directed ahead of 
the weld bead. Lancaster (Ref. 25) also 
recommended the use of the welding 
torch in the push position to avoid hump
ing. The computed results also showed a 
similar behavior. 

Yamamoto and Shimada (Ref. 3) also 
showed the effect of the inclination of 
the torch on the critical welding speed at 
low ambient pressure. They found that at 
low ambient pressure, the inclination of 
the torch in the push direction increased 
the critical welding speed and vice versa. 
The computed critical welding speed, 
shown in Fig. 14B, for different torch in
clination angles and 32-mm Hg ambient 
pressure, showed good agreement with 
the corresponding experimental values 
reported by Yamamoto and Shimada 
(Ref. 3) indicating the accuracy of the 
calculations. 

Conclusions 

A phenomenological model based on 
the stability of waves on the weld pool 
surface due to relative motion between 
the plasma and the liquid weld metal was 
developed to examine the conditions for 
the formation of humping defects. Good 
agreement was obtained between the 
model predictions for humping and inde
pendent experimental results from vari
ous sources for a wide variety of welding 

conditions. This model can estimate the 
critical welding conditions for humping 
considering the values of arc current, 
welding speed, nature of the shielding 
gas, electrode geometry, ambient pres
sure, torch angle, and external magnetic 
field during gas tungsten arc (GTA) 
welding. The following conclusions can 
be drawn from the results. 

1) Increase in welding speed above 
certain critical speed leads to initiation of 
humping defects. 

2) The value of the critical speed 
varies with the welding conditions. The 
critical welding speed decreases with in
crease in arc current. 

3) The nature of the shielding gas af
fects humping. Chances of humping are 
lower in He than in Ar. 

4) Blunt electrodes with large tip an
gles help in preventing humping. 

5) Application of external magnetic 
field in transverse direction that deflects 
arc in the welding direction helps in 
avoiding humping. 

6) Low ambient pressure reduces the 
occurrence of humping. 

7) The inclination of the torch away 
from the welding direction, i.e., in push 
position, suppresses humping while the 
torch in pull position favors humping. 

These results show that the adjust
ment of welding variables can prevent 
humping. Even when high welding speed 
and current are needed to sustain pro
ductivity goals, several steps can be taken 
to prevent humping. These include selec
tion of hollow electrodes, imposition of 
appropriate external magnetic field, in
clination of the torch, careful selection of 
shielding gas and, where practical, re
duced pressure. 
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Appendix A: Derivation of Kelvin-
Helmholtz Instability Model 

The pressure difference along the in
terface was calculated by considering the 
force balance in a direction perpendicu
lar to arc segment PQ of length ds shown 
in Fig. 2, as follows (Refs. 10-12): 

-PJs+ Plds + ydB = 0 

where y is the surface tension of the liq
uid metal in the weld pool and <r/6 is the 

included angle between the tangential 
forces acting on arc segment PQ. Fur
thermore, the pressure difference is re
lated to the radius of curvature, r, by the 
following relation (Refs. 10-12): 

<3fl9_Y 
P=y-

ds 
(Al) 

The curvature 1/r of the surface wave 
profile, q, is given by (Refs. 10-12) 

I d T|/cte 3"i 

1+ 3r|/a»-

3/2 a*-2 
(A2) 

Equation A2, valid for small slopes, can 
be substituted in Equation Al to obtain 
the following equation: 

dx2 
(A3) 

After subtracting Equation 13A from 
Equation 13B and neglecting the nonlin
ear velocity terms, for small amplitude 
waves, we get 

• V P , 

dt 

a * 
s 

dt 

m 

m 

= o 

After substituting the value of pressure 
difference at the interface (i.e., Equation 
A3) in the above expression, we get 

dx 
^ P 
2 S 

3<t> 
— - + g < \ 

dt 

ao 
—-+gr\ 

dt 
= 0 (A4) 

For the lower liquid metal layer and the 
upper gaseous layers, the velocity poten
tials, 4>| and ct> which satisfy the Equa
tions 8A, 8B, 9A, 9B, 12A, and 12B can 
be written as 

+B1e
3^X~ai axh\klz+h1\\ (A5a) 

$ --U x 
g 

+B.e 
ik \x-a\ 

' cash k z-h (A5b) 

where Bx and B2 are constants whose 
value will be calculated based on the re
maining boundary conditions given by 
Equations 10A, 10B, and A4. After sub
stituting the values of velocity potentials, 
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O,,^ , , and r) from Equations A5a, A5b, 
and 5 in Equations 10A and 10B and re
arranging the terms, we get (Refs. 10,12) 

B. 

li 

iak[c—V' \ms eclh.k 

ika\c-U; \ms ec\h k 

(A6a) 

(A6b) 

After substituting the values of <I>], *t»,,, 
and n in Equation A4, we get 

eik(^t)7aic2_P|(iB1ceik(x-ct)kcosh(k(h1+z)) 
-iB,eik(x^i)kU|Cosh(k(h|+z))-eik(x^t)ga) 
+ p (iB,celk<x^')kcosh(k(z-hg)) 
-iB2e'k(x-':t)kU cosh(k(z-hg)) 
_eik(x^t)ga) = o (A7) 

Dividing Equation A7 by the term clk<x~ct) 
and putting 2 = 0 at the interface, we get 

yak2- p1(iB1ck cosh(kh,) 
- iB|kU| cosh(khj)-ga) 
+ p„(iB7ck cosh(kh„) 
- iB2kUg cosh(khg) - ga) = 0 (A8) 

Substituting the values of Bj and B2 in 
Equation A8 and rearranging the terms: 

(A9) 

After canceling the amplitude 'a' from all 
the terms in Equation A9, we get the fol
lowing dispersion relation for wave 
speed. 

kp i tUi -c^coth^k) 
+ kp (Ug-c)2coth(hgk) 
= 7k-+g(P|-Pg) (MO) 

Equation A10 describes the dependency 
of various variables on surface wave 
velocity. 

Appendix B: Heat Transfer and 
Fluid Flow Model 

The flow of liquid metal in the weld 
pool in a three-dimensional Cartesian 
coordinate system is represented by the 
following momentum conservation 
equation (Refs. 13-21): 

du. d \u,u.\ 

3/ dx. 

d_ 

dx. 
1 

V 

du.] 

dx. 
1 J 

+s. (Bl) 

where p is density of the metal, x,- is the 
distance along the i = 1,2, and 3 direc
tions, U: is the velocity component along 
the j direction, p. is the viscosity of the 
liquid metal, and S-. is the source term for 
the j t h momentum equation and is given 
as (Refs. 13-21): 

•-.I', s = 
J 

dp d 

dx. dx 
j i 

( \ 
du. 

n — dx. 
V 1 ) 

1 

-C 

f[+B 

+P&(T-T• )-pU-J-+Sb (B2) 

where p is the pressure, fL is the liquid 
fraction, B is a constant introduced to 
avoid division by zero, C (= 1.6x 104) is a 
constant that takes into account mushy 
zone morphology, g is acceleration due to 
gravity, (3 is thermal expansion coeffi
cient, Tref is the reference ambient tem
perature, U is the welding speed along 
direction 1, and Sbj represents the elec
tromagnetic source term (Refs. 13, 14, 
28). The third term on the right-hand 
side (RHS) represents the frictional dis
sipation in the mushy zone according to 
the Carman-Kozeny equation for flow 
through a porous media (Refs. 44, 45). 
The pressure field was obtained by solv
ing the following continuity equation si
multaneously with the momentum 
equation: 

3h). 
dx. 

(B3) 

The total enthalpy H is represented by a 
sum of sensible heat h and latent heat 
content A/7, i.e., H = h + AH where h = 
\C„dT, AH = fLL, and C„ is the specific 
heat of the liquid metal. The liquid frac
tion fL is assumed to vary linearly with 
temperature in the mushy zone (Refs. 
13-21): 
where T is the temperature, TL is liq-
uidus temperature, and Ts is the solidus 
temperature. The thermal energy trans
port in the weld workpiece can be ex
pressed by the following modified energy 
equation (Refs. 13-21): 

f^ 
T-T 

T -T 
L S 

T>T, 

TS<T<TL (B4) 

a/, « 
dl dx. C dx. 

V P • ) 

fl AW din.AH] dlUAH} 

dl 

dim) 
dx. 

dx. 
(B5) 

Since the weld is symmetrical about the 
weld centerline only half of the work-
piece is considered. The weld top surface 
is assumed to be flat. The velocity bound
ary condition is given as (Refs. 13-21) 

du , tbl dT 

dz 
dv 

^-=4 

dT dx 
df_dT_ 

dz ' L dT dy 

w = 0 (B6) 

where dy/dT is temperature coefficient of 
surface tension and u, v, and w are the 
velocity components along the x, y, and z 
directions, respectively. As shown in this 
equation, the u and v velocities are deter
mined from the Marangoni effect. The w 
velocity is equal to zero since there is no 
flow of liquid metal perpendicular to the 
pool top surface. The heat flux at the top 
surface is given as (Ref. 42) 

. 97- = d&\ 

dz 
exp 

w. 
-d 

r,~ cos' 
b 

1 
y 

7 

'b . 

\ 

J 
-0£ 

T-4 _ T-4 h T-T (B7) 

where k is thermal conductivity, d is the 
energy distribution factor, Q is total arc 
power, n, is the arc efficiency, rb is the ef
fective arc radius, ty is torch inclination 
angle, o is Stefan-Boltzmann constant, e 
is the emissivity, Ta is ambient tempera
ture, and hc is the convective heat trans
fer coefficient. The first term on the 
right-hand side is the heat input from the 
heat source, defined by an ellipsoidal 
Gaussian heat distribution (Ref. 42). For 
zero torch inclination angle, the ellip
soidal Gaussian heat distribution be
comes the same as the symmetric circular 
Gaussian heat distribution. The second 
and third terms represent the heat loss 
by radiation and convection, respectively. 
The boundary conditions are defined as 
zero flux across the symmetric surface as 

9u 

dy 
= 0, v = 0, 

dw 

dy' 
0 (B8) 

T<T„ 
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Oh 

dy 
= 0 (B9) 

At all o the r surfaces, t empera tu res are 
set at ambient t empera ture and the ve
locities are set to be zero. The electro
magnet ic source term in Equa t ion B2 
was calculated using the modified elec
tromagnetic force model (Refs. 28, 42), 
which can calculate the electromagnetic 
force for any current density distribution. 
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